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27 Abstract:

28 This paper attempts to formulate a coupled practical model in the framework of continuum 

29 mechanics to evaluate the phenomenon of internal erosion and its consequences on the mechanical 

30 behavior of soils. For this purpose, a four-constituent numerical approach has been developed to 

31 describe the internal erosion process. The detachment and transport of the fine particles have been 

32 described by a mass exchange formulation between the solid and fluid phases. The stress-strain 

33 relationship of the soil is represented by a non-linear incremental model. Based on experimental data, 

34 this constitutive model has been enhanced by the introduction of a fines content dependent critical 

35 state, which allows accounting for the influence of fines on soil deformation and strength. The 

36 applicability of the practical approach to capture the main features of the internal erosion process and 

37 its impact on the mechanical behavior of the eroded soil has been validated by comparing numerical 

38 and experimental results of internal erosion tests on HK-CDG mixtures, which demonstrated that the 

39 practical model was able to reproduce, with a reasonable success, the experimental data.  

40 Furthermore, the influence of the stress state, the initial soil density, and the initial fraction of fines 

41 have been analyzed through numerical simulations using the proposed model.

42 Keywords: Granular soils; internal erosion; hydro-mechanical coupling; critical state; fines content
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44 1. Introduction

45 Internal erosion occurs when fine particles are plucked off by hydraulic forces and transported 

46 through the coarse matrix. The known causes are either a concentration of leak erosion, backward 

47 erosion, soil contact erosion, or suffusion (Bonelli and Marot 2008; Fell et al. 2003; Wan and Fell 

48 2004). This paper focuses on suffusion, which corresponds to the detachment and migration of fine 

49 particles within the voids of coarse particles by seepage flow. Subsequently, the induced 

50 modification of the soil microstructure may lead to deformations at the macroscopic scale and, 

51 therefore, influence significantly the mechanical behavior of the soil. Many damages and failures of 

52 embankment dams can be associated with internal erosion (Fell et al. 2003; Xu and Zhang 2009; 

53 Zhang and Chen 2006; Zhang et al. 2009; Rönnqvist et al. 2014). Foster et al. (2000) showed that 

54 nearly 46% of the damages of 128 embankment dams could be attributed to internal erosion. 

55 Besides, sinkholes and cavities triggered by internal erosion are frequently observed within dams and 

56 dikes (Muir Wood 2007; Sterpi 2003). Finally, internal erosion can also trigger slope failures and 

57 generate significant landslides (Crosta and Prisco 1999; Hu et al. 2018).

58 To evaluate the internal instability of filters in embankment dam, engineers have traditionally 

59 employed empirical methods (Burenkova 1993; Foster and Fell 2001; Kenney and Lau 1985, 1986; 

60 Kézdi 1979; Li and Fannin 2008; Sherard 1979; Wan and Fell 2008). Rönnqvist et al. (2014) 

61 compiled a database of 80 dams of which 23 dams suffered from documented internal erosion. Their 

62 gradation analysis demonstrated that empirical methods are capable of distinguishing dams with a 

63 probable occurrence of erosion from dams with no up-to-date indication of internal erosion. 

64 Laboratory tests further investigated the mechanics of internal erosion and the susceptibility of soil to 

65 seepage induced internal instability by using primarily the conventional rigid-walled permeameter 

66 under self-weight conditions (e.g. Kenney and Lau 1985, Skempton and Brogan 1994, Sterpi 2003, 

67 Wan and Fell 2008, Sibille et al. 2015a; Rochim et al. 2017). The eroded mass, the hydraulic 
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68 gradient and the flow rate were monitored to determine the susceptibility of seepage induced 

69 instability by incorporating the post-erosion analysis of the particle size distribution. The initial fines 

70 content and the history of the hydraulic loading appeared to play an important role in the 

71 development of internal erosion (Sibille et al. 2015a; Rochim et al. 2017). It is important to add that 

72 the soils constituting embankment dams or levees are usually subjected to complex stress states 

73 (Zhang and Du 1997). To address this phenomenon, Moffat and Fannin (2006, 2011) developed a 

74 rigid-wall permeameter with an axial loading system so that the onset of internal instability of 

75 cohesionless soils under  stress state could be investigated. More recently, advanced flexible wall 0K

76 permeameters capable of controlling the stress on the tested specimen have been developed so that 

77 the development of internal erosion under different stress states and the mechanical behavior of soils 

78 during and after erosion could be investigated (e.g., Bendahmane et al. 2008; Chang and Zhang 

79 2011; Marot et al. 2016; Ke and Takahashi 2014a; Slangen and Fannin 2016). Most of the studies 

80 were conducted under an isotropic stress state. The results showed that the larger effective confining 

81 pressure led to a less extent of internal erosion (Bendahmane et al. 2008; Mehdizadeh et al. 2017), 

82 even if the deformation of the specimen caused by erosion was limited. Chang and Zhang (2011) 

83 showed that, by performing internal erosion tests under different anisotropic stress states, the 

84 maximum erosion rate, the variations in soil permeability, and the erosion induced deformation of 

85 the specimen will all increase with the increase of the deviatoric stress. For the purpose of 

86 investigating the influence of the loss of fine particles on the mechanical behavior of eroded soils, 

87 they performed triaxial tests on eroded specimen under different stress paths. Drained triaxial tests 

88 on eroded specimens indicated that the initially dilative stress-strain behavior changed to a 

89 contractive behavior and the soil strength decreased under drained shearing (Chang and Zhang 2011; 

90 Ke and Takahashi 2014a, 2014b, 2015). The undrained behavior of the original specimen changed 

91 from a strain hardening behavior to a flow-type behavior with limited deformation after internal 

92 erosion (Ke et al. 2016; Mehdizadeh et al. 2017).
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93 Parallel to experimental studies, numerical approaches have also been proposed to describe the 

94 erosion process, either within the framework of continuum mechanics by using finite element or 

95 finite difference methods (Cividini and Gioda 2004; Papamichos et al. 2001; Stavropoulou et al. 

96 1998; Vardoulakis et al. 1996; Zhang et al. 2013), or within a discrete framework by associating the 

97 discrete element method to describe the dynamics of the granular solid phase to the computational 

98 fluid dynamics to solve the interstitial fluid flow (Lominé et al. 2013; Mansouri et al. 2017; Reboul 

99 2008; Sari et al. 2011; Sibille et al. 2015b; Zhang et al. 2018; Zhao and Shan 2013), mainly focused 

100 on the hydraulic process, i.e. the evolution of the eroded mass and permeability. The mechanical part 

101 was simplified by using an elastic model with induced damage parameters. Some attempts have also 

102 been made to model the mechanical response to internal erosion by removing particles in granular 

103 materials. Muir Wood et al. (2010) modeled the mechanical consequences of internal erosion by a 

104 two-dimensional discrete element analysis and found that internal erosion changes the density state 

105 of the material from dense to loose as they compared the current soil state to the critical state line. 

106 Scholtès et al. (2010) developed a three-dimensional discrete element model and an analytical 

107 micromechanical model to describe the mechanical responses induced by particle removal in 

108 granular materials. They found that the mechanical behavior of the soil changes from dilative to 

109 contractive with the removal of soil particles. However, this removal was based on the size of the 

110 particles and their degree of interlocking, and the fluid phase was not considered. Hosn et al. (2018) 

111 studied the macroscopic response during internal erosion and the post-internal erosion properties of 

112 granular materials by particle removal, considering a one-way coupling between the fluid and the 

113 solid phases via the discrete element and the pore scale finite volume methods. The erosion process 

114 was simplified into the definition of the detached and transportable particles by calculating the 

115 unbalance fluid force and by defining a controlling constriction size. Hicher (2013) presented a 

116 numerical method to predict the mechanical behavior of granular materials subjected to particle 

117 removal and concluded that the removal of soil particles may cause diffuse failure in eroded soil 
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118 masses. However, the process of real erosion was not considered. Therefore, it is of interest to 

119 develop a numerical method that will provide the modeling of the hydro-mechanical response of  

120 soils subjected to internal erosion. 

121 Despite the relevance of the discrete element method to shed light onto the constitutive properties of 

122 granular materials, its computational cost remains a restrictive aspect which could become an 

123 obstacle wherever real soil structures such as embankment dams are concerned. Hence, it is 

124 necessary to develop the approaches that can take better into account the engineering boundary value 

125 problems. The objective of this paper is to formulate a numerical model within the framework of 

126 continuum mechanics to investigate the coupled hydro-mechanical behavior of soils subjected to 

127 internal erosion. First, an enhanced four-constituent model has been developed to describe the 

128 detachment and transport of fine particles induced by the fluid flow with more realistic consideration 

129 of the effects of the fines content and the shear stress level. This process has been coupled with an 

130 advanced critical state-based mechanical model, which has been enhanced to consider the effects of 

131 the evolution of the fines content. By assuming a homogenous sample, a practical simulation tool for 

132 triaxial erosion tests under mechanical loadings has also been proposed. Then, the predictive ability 

133 of the approach has been examined by simulating internal erosion tests on HK-CDG mixtures under 

134 mechanical loadings. Finally, the influence of the stress state, the initial density, and the initial fines 

135 content of the soil have been investigated by the developed numerical model.

136 2. Coupled hydro-mechanical model

137 According to Schaufler et al. (2013), it is possible to consider the saturated porous medium as a 

138 material system composed of 4 constituents in 2 phases: the stable fabric of the solid skeleton, the 

139 erodible fines, the fluidized particles and the pure fluid. The fines can behave either as a fluid-like 

140 (described as fluidized particles) or as a solid-like (described as erodible fines) material. 
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141 It is assumed that the seepage velocities  is given as the relative motion of the fluid phase  with w lv

142 respect to the solid phase . The relative motion of the pore fluid and the fluidized particles is sv

143 neglected. The total discharge of the liquid  is then given as:wq

144  (1)       , , ,   with  ,  w l sx t x t x t x tq w w v v

145 where  is the porosity. Furthermore, in the framework of small transformations (small strains  ,x t

146 and small displacements), the strain of the solid skeleton is given by the symmetric part of the 

147 displacement gradient.

148 2.1. Mass balances and transported particles 

149 The balance equations are derived based on the porous medium theory (de Boer 2000; Steeb and 

150 Diebels 2003; Uzuoka and Borja 2012). The local form of the volume balance of a constituent is 

151 deduced from the partial balance of mass (Vardoulakis et al. 1996), given as:

152  (2)
    ˆdivi

i i

n
n n

t


 


v

153 where  and  denote, respectively, the volume fraction and the velocity of the corresponding in iv

154 constituent. The liquid-solid phase transition process has been accounted for by introducing a 

155 volumetric mass exchange term  in the corresponding mass balances for the 4 constituents. More n̂

156 details can be found in the Appendix A1.

157 A system of non-linear partial differential equations is deduced from the mass balance of the mixture 

158 system:

159  (3)   div div 0w s q v
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160  (4)    ˆdiv divs s n
t
 

   


v v

161  (5)        ˆdiv divc c
c s c s

f f
f f n

t t



 

   
 

v v

162  (6)      ˆdiv sc c
c n

t t
  

   
 w

v
q

163 where ,  and  are the porosity, the amount of erodible fines and the  ,x t  ,cf x t  ,c x t

164 concentration of the fluidized particles, respectively;  is the source term describing the exchange n̂

165 between the erodible fines and the fluidized particles; is the velocity of the soil skeleton;  sv  ,w x tq

166 is the total discharge of the pore fluid.

167 2.2. Balance of linear momentum

168 The model has been developed for geotechnical applications and it is not the aim of the present paper 

169 to present the thermodynamical setting of the erosion model. Therefore, the linear momentum 

170 balance equation of a constituent is given as follows under isothermal and quasi-static conditions:

171  (7)  ˆ ˆdiv 0,  0i i i
i

  σ p p

172 where  is the total Cauchy stress tensor of the solid or liquid phase;  is the interaction force iσ ˆ ip

173 between solid and liquid phases. In this configuration, further density driven momentum production 

174 (see Steeb and Diebels 2003) and body forces are not taken into account. Nevertheless, we assume 

175 that the process is slow, i.e. the inertia forces can be neglected. This equilibrium equation allows 

176 prescribing the total force  and the solid displacement  at the boundary of the body.  t σ n su
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177 The partial Cauchy stresses  for the two phases are derived as follows for a fluid saturated medium iσ

178 (Borja 2006):

179  (8) 1 ,  s w l wp p     σ σ I σ I

180 where  is the effective stress tensor, calculated by the non-linear incremental constitutive model σ

181 presented in the next section;  is the pore fluid pressure. Thus the set of equations (3)-(6) can be wp

182 closed by:

183  (9) div 0wp  σ I

184 2.3. Porous fluid flow

185 In this study, it is assumed that the flow in the porous medium is governed by Darcy’s law which 

186 states that the flow rate is driven by the gradient of the pore fluid pressure : ,wp x t

187  (10)
 

   ,c
w

k

k f
p

c


 
 wq grad

188 where  denotes the intrinsic permeability of the medium;  is the kinematic viscosity of the  ,ck f  k

189 fluid;  is the pore fluid pressure; and is the density of the mixture defined as:wp  c

190  (11) 1s fc c    

191 with  the density of the solid and  the density of the fluid. For a material made of a mixture of s f

192 coarse and fine grains, the intrinsic permeability  of the porous medium depends on the  ,k x t

193 current porosity  and the fines content as (Revil and Cathles 1999): ,x t  ,cf x t
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194  (12)  3
0 1 1 km

ck k f     

195 where  is a power index which varies with the pore geometry (Revil and Cathles 1999).km

196 2.4. Mass exchange term

197 The variable  in Eqs. (4)-(6) is the volumetric mass exchange at any point in time, given by the n̂

198 following relation (Uzuoka et al. 2012):

199  (13)  ˆ 1e c cn f f      wq

200 where  is the ultimate fines content after a long seepage period;  is a material parameter. The cf  e

201 erosion rate depends not only on the total discharge of fluid , but also on the residual fines content wq

202 .  is assumed to decrease when the hydraulic gradient increases as follows (Cividini et  c cf f  cf 

203 al. 2009):

204  (14)     
3 21 1

0 1 exp 10
exp expc c

p p

f f
M M

  
 

  
      
    

wq

205 where  is the initial fines content, ,  and are material parameters. A mechanical 0cf 1 2 3

206 component “ ” defined later on is introduced into the definition of , in order to take into account  cf 

207 the influence of the stress state on the erosion rate.

208 Note that the mass exchange term  is defined as a function of the porosity, the initial fines content, n̂

209 the flow rate and the stress state. There isn’t any explicit expression to define the critical hydraulic 

210 gradient required to initiate the erosion or the soil skeleton deformation. All the unknown variables 

211 are coupled implicitly and solved by the system of the partial differential equations.
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212 2.5. Critical state based soil model considering fines content effect

213 A non-linear incremental constitutive model including the critical state concept has been adopted 

214 (Yin et al. 2018a). The non-linear frictional behavior of the granular materials can be described by an 

215 asymptotic relation between the stress ratio  and the shear strain  as follows: d

216  (15)1
d

p

G
M

pM e
 


 

  
 
 

217 where  is the maximum strength ratio;  is the initial stiffness;  is the effective pM 3G G p  p

218 pressure;  is the shear modulus. The model has been enhanced by introducing a non-linear G

219 elasticity, a non-linear stress dilatancy, and the critical state concept (Jin et al. 2017; Jin et al. 2016; 

220 Jin and Yin 2018). More details of the model can be found in Yin et al. (2018a).

221 The constitutive equations under axisymmetric triaxial condition are briefly summarized as follows:

222 (16) 1 exp   
              

v d pt d
qp K A M d
p

223 (17)3 1d
p

q qq G p
p M p

  
 

      

224 with

225 (18)
 

 
 

 

2 2

0 0

2.97 2.97
,  

1 1
     

        

n n

at at

e ep pG G K K
e p e p

226 (19)
6sin 6sin

,    
3 sin 3 sin

p pt
p pt

p pt

M M
 
 

 
 

Page 11 of 53



 12 / 35

227 where  and  are determined byp pt

228 (20)tan tan ,   tan tan   


       
   

p dn n
c c

p c pt c
e e
e e

229 with the critical state void ratio  given byce

230  (21)0c cr
at

pe e
p




 

   
 

231 where the stress ratio  under axisymmetric triaxial condition is defined by the deviatoric = 'q p

232 stress  ( ) and the mean effective stress  ( ), with  and   the q a rq    'p ' 2 3( )a rp    a r

233 axial and radial stress, respectively; the deviatoric strain increment  is a  2 3d a r   

234 function of the axial and radial strain increments;  is the volumetric strain 2v a r   

235 increment;  and  are the bulk and shear moduli with the reference bulk and shear moduli  and K G 0K

236 ; Poisson’s ratio ; the non-linear elastic constant  (typically 0.5-0G    0 0 0 03 2 6 2   K G K G n

237 0.7);  is the atmospheric pressure chosen as the reference stress;  and  are the  101.325 atp kPa dA d

238 stress-dilatancy parameters;  is the reference critical void ratio at extremely low confining 0cre

239 pressure;  and  are material constants controlling the non-linearity of the critical state line;  is   c

240 the critical friction angle.

241 Since the fines content evolves during internal erosion, the constitutive model needs to consider such 

242 internal soil mass evolution. According to Yin et al. (2014; 2016),  is a function of the evolutive 0cre

243 fines content , in order to unify the mechanical behavior of a sand-silt mixture for different fines cf

244 contents:
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245  (22)    
 

  
0 , 0 , 0

1 tanh 1 tanh1
1

2 2
c th c thc

cr hc cr c c hf cr c m
d

f f f ff
e e f af e f

R

    
    

 
      

 

246 where  and  are the reference critical void ratios for the pure sand and the pure silt, , 0hc cre , 0hf cre

247 respectively. , , ,  and  are material constants:  controls the slope of the curve  a  dR m thf a 0cr ce f

248 for the silty sand varying from -1.0 to 1.0.  controls the slope of the curve  for the sandy m 0cr ce f

249 silt varying from 0.0 to 1.0,  and  control the transition zone between the silty sand and the thf 

250 sandy silt.  controls the evolution rate of the transition zone (  after Yin et al. 2014; 2016),  20 

251  is the threshold fines content from a coarse grain skeleton to a fine grain skeleton, varying thf

252 usually from 0.2 to 0.35 on the basis of existing experimental data;  is the ratio of the mean size of dR

253 the coarse grains D50 to the mean size of the fine grains d50. The material constants ,  and  can a m thf

254 be determined by measuring the evolution of the minimum void ratio versus  , which is mine cf

255 obtainable at low experimental cost, as suggested by Yin et al. (2014; 2016). It should be pointed out 

256 that Eq. (22) is mathematically structured based on the hyperbolic tangent function to ensure a 

257 continuous and smooth transition domain; more validation and discussion can be found in Yin et al. 

258 (2014; 2016).

259 2.6. Hydro-mechanical responses of soils during internal erosion

260 Two main influences can be noted concerning the mechanical impact of the decrease of the fines 

261 content induced by internal erosion. First, according to Eq.(18), the increase of the void ratio can 

262 reduce the elastic moduli  and , leading to increasing deformation of the granular assembly. The G K

263 second consequence is linked to the interlocking features. The sliding resistance between particles 

264 has two origins: one is the friction between two particles, the other is related to the geometrical 

265 (topological) effect of the neighboring particles which will resist the sliding displacement of two 
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266 particles in contact, i.e. the interlocking effect. From a macroscopic standpoint, the first aspect is 

267 characterized by the internal friction angle , corresponding to the critical state; the second aspect is c

268 related to the density state, which will in turn influence the peak strength and the dilative/contractive 

269 behavior of the soil. In the model, this interlocking influence is taken into account by Eqs. (20)-(22), 

270 which relate the sliding resistance, controlled by the mobilized peak friction angle  to the density p

271 state ( ) of the assembly. Therefore, the loss of fine particles affects the interlocking, i.e. the ce e

272 density state, by changing simultaneously the void ratio  and the critical void ratio . When a part e ce

273 of the fine particles is detached from the soil skeleton, the void ratio  increases, the critical void e

274 ratio  evolves according to the fines content  evaluated by Eqs. (21)-(22). According to Yin et al. ce cf

275 (2014, 2016), in the case of a fine grain skeleton, the loss of fine particles will decrease the critical 

276 void ratio . From a microscopic standpoint, the loss of fine particles makes it easier for the force ce

277 chains which control the soil stability to buckle. As observed by Chang and Zhang (2011), the 

278 dilative behavior of the non-eroded specimen changed to a contractive behavior after erosion. In the 

279 case of a coarse grain skeleton, the loss of fine particles will make the critical state line move 

280 upwards in the e-logp’ plane. The interlocking effect could, therefore, be enhanced when  ce e

281 increases. This might explain the observed increase of the initial peak strength of the eroded 

282 specimen in some cases (e.g. Mehdizadeh et al. 2017). Thus, when a part of the fine particles is 

283 detached from the soil skeleton, the void ratio  increases, and the critical void ratio  evolves e ce

284 according to the fines content , creating a disequilibrium of internal and external forces and, cf

285 consequently, a deformation of the granular assembly.

286 During an internal erosion experimental test, the soil specimen is subjected to constant boundary 

287 stresses, whereas the amount of eroded fine particles increases progressively. Therefore, the stress 

288 ratio  is kept constant while the peak strength ratio  and the initial stiffness  evolve as a  pM G
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289 function of the density state of the soil. The shear strain can be written in an incremental form from 

290 Eq. (15):

291  (23)
 

 

 

 

 

 

 

 

1 1

1 1ln 1 ln 1
i ii i

p p
d i i i i

p p

M M
G M G M 

 
 

 

   
          

   

292 with the superscript (i) representing the current loading step and  the previous loading step.  1i 

293 The volumetric strain increment can then be computed as:

294  (24) 2

' 1 exp   
 

          
v d pt d

p qK A M d
K p

295 The incremental modification of the void ratio induced by the body deformation is added to the void 

296 ratio change caused by erosion:

297  (25)     total er
1ve e e    

298 Under triaxial condition, the axial and radial strain increments (  and ) are functions of the a r

299 shear and volumetric strain increments:

300  (26)1 1 1,   
3 3 2

        a d v r v d

301 Thus,  and  can be used alternatively instead of  and .a r d v

302 The influence of the effective stress on the erosion of fine particles is considered in two parts. First, 

303 the volume change induced by the effective stress ( ) has been used in the mass    div s v t  v

304 balance equations (3)-(6). Thus, the impact of the effective stress is implied in the volume change, 

305 which will further induce changes in the permeability as well as in the flow rate and the erosion rate, 

306 according to Eqs. (10)-(14). Secondly, the mass exchange term  for the mass balance equations (3)-n̂
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307 (6) is formulated to be dependent directly on the shear stress ratio  , according to Eqs. (13)-pM

308 (14), as shown by experimental results (e.g. Chang and Zhang 2011). However, the impact of the 

309 confining pressure on the erodibility of fine particles still remains unclear since the results in the 

310 literature (Chang and Zhang 2011, Bendahmane et al. 2008, Luo et al. 2013, and Ke and Takahashi 

311 2014b, Moffat and Fannin 2011) present contradictions. More advanced experimental tests with 

312 visualization of particles are needed to calibrate more precisely the relationship between the erosion 

313 rate and the stress state.

314 3.  Simulations of tests

315 3.1. Description of laboratory tests

316 Chang and Zhang (2011) performed several hydraulic-gradient controlled downward erosion tests on 

317 gap-graded HK-CDG mixtures with a newly developed stress-controlled erosion apparatus. These 

318 experiments were performed in order to investigate the initiation and the development of internal 

319 erosion in soils subjected to multi-step fluid flow under complex stress states, as well as the stress-

320 strain behavior of soils subjected to internal erosion. The experimental set-up consisted of a triaxial 

321 apparatus, a pressurized water supply system, a particle collection system, and a water collection 

322 system. A hollow base pedestal was designed for the eroded soil and the seepage water to pass 

323 through in the downward direction. The tested soil was obtained by mixing the commercial washed 

324 Leighton Buzzard sand (fraction E), and the completely decomposed granite (CDG) extracted from a 

325 construction site on Beacon Hill, Hong Kong, following the grain size distribution shown in Figure 1. 

326 Each triaxial specimen, 100 mm in diameter and 100 mm in high, was prepared by moist tamping to 

327 prevent soil segregation. The erosion tests were carried out under initial isotropic and anisotropic 

328 stresses with the major principal stress being parallel to the seepage direction. After a saturation 
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329 stage, the consolidation of the specimen was realized by increasing gradually the confining stress. 

330 For the tests under an anisotropic stress condition, the vertical stress was gradually increased up to 

331 the target value after the specimen had been isotropically consolidated to a given stress state. After 

332 the stress state being applied to the specimen, the pressurized water supply and the water collection 

333 system were connected to the triaxial system. The hydraulic gradient, , was increased in stages to i

334 the final value (i.e., 0.15 per 10 min for , 0.25 per 10 min for , and 0.50 per 10 1.0i  1.0 2.0i 

335 min for ). For 10 min, the hydraulic gradient was increased within the first 2 min and then 2.0i 

336 kept constant for the following 8 min. Once the soil erosion was initiated, the hydraulic gradient was 

337 kept constant until no further soil loss was observed (i.e. < 25.0g/m2 per 10 min). Then, the hydraulic 

338 gradient was increased to another level. A typical increase of the hydraulic gradient is illustrated in 

339 Figure 2. During the internal erosion testing, the applied hydraulic gradient, the vertical displacement, 

340 the outflow rate, and the eroded soil mass were continuously measured. The radial deformation was 

341 deduced from planar deformation observed on digital photographs. Conventional drained triaxial 

342 compression tests were then carried out to study the stress-strain behavior of the soil having been 

343 subjected to internal erosion. Note that the samples of gap-graded or broadly graded granular soils 

344 are normally more or less heterogeneous with non-uniform distribution of initial void ratio and fines 

345 content in spatial space. During the erosion process, fluidized fine particles may be blocked when 

346 passing the interface between the local “loose” area and the local “dense” area, which results in 

347 heterogeneous particle size distributions. However, not enough detail (i.e. the evolution of pore 

348 pressure along the height of the specimen) was given by Chang and Zhang (2011) to be able to 

349 consider the initial heterogeneity of the soil specimen; as a consequence, the specimens in the 

350 following simulations were assumed to be initially homogeneous.

351 A series of tests on the gap-graded HK-CDG mixtures samples (Chang 2012; Chang and Zhang 2011) 

352 were selected for simulations. BM-C-1, BM-C-2, and BM-C-3 were conventional drained triaxial 

353 tests on isotropically consolidated samples without erosion, under confining stresses of 50, 100, and 
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354 200 kPa, respectively. GS-C-1, GS-C-2, and GS-C-3 were erosion tests under isotropic stress states 

355 with confining stress of 50, 100 and 200 kPa, respectively. GS-C-4, GS-C-5 and GS-C-6 were 

356 erosion tests under anisotropic stress states with confining stress of 50 kPa and deviatoric stress of 50, 

357 100 kPa and 150 kPa, respectively. For the eroded samples, drained triaxial tests were carried out 

358 starting at the stress state applied during the erosion tests. More details about the laboratory test soil 

359 can be found in (Chang 2012).

360 3.2. Simulation schemes

361 The numerical modeling scheme can be summarized in Figure 3 for granular media under constant 

362 stresses considering internal erosion.  represents the current step and  the previous step. The  i  1i 

363 set of partial differential equations were solved explicitly in time and by the finite difference method 

364 in space, the primary unknowns being the soil skeleton displacement ( ), the pore pressure ( ,s x tu

365 ), the porosity ( ), the fines content ( ) and the concentration of fluidized  ,wp x t  ,x t  ,cf x t

366 particles ( ). Other unknowns, such as the total discharge rate , the density of the  ,c x t  ,w x tq

367 mixture , and the intrinsic permeability  could be explicitly determined by Eqs. (1) and  ,x t  ,k x t

368 (10)-(12). For clarity, time  and space  variables are omitted in the equations. t x

369 Based on the above numerical scheme, the simulation could be conducted with the real dimensions 

370 of the tests by using the finite element method to investigate the temporal and spatial variations of 

371 the fines content and hydraulic conductivity during internal erosion. However, under the framework 

372 of continuum mechanics, the erosion process is uniform under the assumption of an initially uniform 

373 homogeneous specimen. In this study, the example of a well-controlled erosion coupled with the 

374 mechanical loading triaxial tests on reconstructed specimens can be seen as a case of a representative 

375 elementary volume with the hydraulic gradient across the specimen as input boundary condition. 
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376 Hence, a very interesting simplified erosion and mechanics coupled simulation model can be 

377 formulated, which should be useful in evaluating the eroded mass as well as the induced deformation 

378 of the soil element. In conventional drained triaxial test simulations before and after erosion, the 

379 confining stress was maintained constant. Thus, the ratio between the incremental deviatoric stress 

380 and the incremental mean effective stress was equal to 3. From Eqs. (16) and (17), the deviatoric 

381 stress and the volumetric strain could be obtained by imposing an incremental deviatoric strain as 

382 follows:

383  (27)3 1 1
3d

p

q qq G
p M p

 
   

         

384  (28)
3
qp   

385  (29) ' 1 expv d pt d
p qA M d

K p
  

 
         

386 Note that the above conventional drained triaxial test simulations were performed on a representative 

387 elementary volume, thus the time  and the space were not considered in the simulations. t x

388 3.3. Calibration of parameters

389 The physical properties of the soil mixtures are summarized in Table 1. The initial void ratio  0e

390 before the external stress being applied is 0.53. The mechanical parameters were calibrated as 

391 follows (see Figure 4): (a) the elastic parameters ( ,  and ) were determined from an isotropic 0K 0G n

392 compression test with an assumed value of Poisson’s ratio ; (b) the friction angle  was 0.35  c

393 determined from the stress paths of the triaxial tests; (c) the CSL related parameters ( , ) were  

394 measured from drained triaxial tests. It was difficult to determine these two parameters because 
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395 strain localizations appeared systematically at the end of the tests (Chang 2012); due to a lack of 

396 experimental data, the assumption of parallel critical state lines was made, and the values suggested 

397 by Yin et al. (2014) were adopted. (d) due to the lack of data concerning Chang’s tests, the values of 

398 the other parameters ( , , ,  and ) were assumed based on published data on other , 0hc cre , 0hf cre a m thf

399 similar materials (Yin et al. 2014; Yin et al. 2016);   was measured from experiments ( Figure 4 0cre

400 (b)); (e) finally, the dilatancy parameters (  and ) were determined by fitting the stress-strain d dA

401 relations obtained in the triaxial tests BM-C-1, BM-C-2, and BM-C-3. The erosion parameters were 

402 calibrated by fitting the time evolution of the hydraulic conductivity and the cumulative loss of dry 

403 mass in tests GS-C-1 and GS-C-5. All determined parameters summarized in Table 2 and Table 3 

404 were used to predict the hydro-mechanical behavior during the erosion tests and the following 

405 drained triaxial tests after erosion. Note that the parameters can also be identified by using 

406 optimization methods (Jin et al. 2018; Yin et al. 2017; Yin et al. 2018b).

407 Figure 5 shows the cumulative eroded soil mass and the variations in hydraulic conductivity during 

408 the internal erosion tests under different stress states. The experimental results show that the stress 

409 state during internal erosion affects significantly the hydraulic behavior of the soil. Specimens GS-C-

410 1, GS-C-5, and GS-C-6 were tested under the same confining pressure (50 kPa), but with different 

411 deviatoric stresses: 0 kPa, 100 kPa and 150 kPa, respectively. Figure 5(a) shows the cumulative 

412 weights of the eroded soil in the three tests. It was found that the average erosion rate within the 

413 testing period increased with the increase of the deviatoric stress. Chang and Zhang (2011) attributed 

414 this observation to the fact that the primary structure formed by the coarse particles became more 

415 unstable with the increase of the applied stress ratio. Combined with the effect of the loss of fine 

416 particles that provided lateral “support” for the primary soil skeleton structure, the erosion rate in the 

417 highest stress ratio case (specimen GS-C-6) was much larger than that in the isotropic stress case 

418 (specimen GS-C-1). Moreover, due to the loss of fine particles, the permeability increased 
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419 significantly in the three tests as shown in Figure 5(b). The more the fine particles were lost, the 

420 larger the permeability became. Finally, the permeability reached a relatively constant value.

421 The proposed model was able to reproduce the general trend of the erosion evolution until a stable 

422 step was reached. However, some differences between experimental and numerical results could be 

423 found, especially for the evolution of the hydraulic conductivity. After the loss of a significant 

424 amount of fine particles, the soil specimen reached a new equilibrium state, where the increment of 

425 the eroded mass was generally limited. During this period, the soil permeability slightly decreased 

426 because part of the transported fine particles was assumed to be captured within the soil skeleton 

427 during the erosion process, which induced a clogging of the constrictions among the coarse particles, 

428 i.e. a self-filtration phenomenon. The decreased diameters of the effective pore throats resulted in a 

429 reduction of permeability. Only few data are available in the literature concerning the self-filtration 

430 phenomenon during an erosion test. Ke and Takahashi (2014a, 2014b) attributed the deviation of the 

431 hydraulic conductivity to the difference in homogeneity along the reconstituted soil specimens，  

432 induced probably by the segregation during preparation and placement of the specimen. Another 

433 aspect which was not taken into account was the unknown influence of the saturation stage, which 

434 might also lead to the heterogeneity of the soil sample before erosion. Not enough detail on this 

435 particular aspect was given by Chang (2012) to calibrate the filtration term in the mass exchange 

436 equations. 

437 Figure 6 presents the applied increasing hydraulic gradients for the three internal erosion simulations 

438 under different stress states. When the hydraulic gradient is increased to 0.6, i.e. the initiating 

439 hydraulic gradient , the fine particles will start to be eroded, as shown in Figure 5. According to starti

440 the above cited experimental tests of Chang and Zhang (2011), once the rate of the eroded weight 

441 became smaller than 0.02g/min, the hydraulic gradient was increased to another level. Sudden 

442 increases in the erosion rate, hydraulic conductivity and deformations of the specimen were observed 
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443 at a gradient of 1.5, i.e. the soil skeleton deformation hydraulic gradient , as shown in Figures 5 sdi

444 and 7. In the numerical simulations, the final equilibrium states were reached at a gradient around 2.2 

445 at 200 min for GS-C-1 and at 280 min for GS-C-5 and GS-C-6. Once the self-filtration mechanism is 

446 added into the simulations, the critical hydraulic gradients could be expected to increase, and the 

447 appearance of the final equilibrium state to be delayed. With the increase of the hydraulic gradient, 

448 the pore channels previously clogged could be unblocked. This aspect will be discussed in future 

449 work based on better documented experimental data that will consider the spatial variation of the fine 

450 particles during internal erosion.

451 Figure 7 shows the axial and radial strains of the soil specimens caused by internal erosion. Here, the 

452 negative values mean that the sample diameter increased. Larger axial and radial strains were 

453 associated with higher stress ratios during the erosion process. The model was able to reproduce the 

454 initial small deformation stage, the skeleton deformation stage and the final equilibrium stage. A 

455 higher stress ratio was associated with larger axial and radial strains during the erosion process. 

456 Moreover, from a macroscopic point of view, the jumps in the evolution of the specimen 

457 deformation should be attributed to the changes in the hydraulic gradient. The results of the 

458 simulations under the applied increasing hydraulic gradients during internal erosion shown in Figures 

459 6 and 7 demonstrate that the numerical approach is also able to reproduce the temporary equilibrium 

460 state reached under the applied stresses with a relatively low hydraulic gradient.

461 3.4. Mechanical responses after erosion

462 Figure 8 illustrates a comparison between the experimental and the numerical results of drained 

463 triaxial tests on samples before and after erosion. Both experimental and numerical results show that 

464 the loss of fine particles during internal erosion affects significantly the mechanical behavior of the 

465 soil. When the soil loses a significant number of fine particles, its stress-strain behavior changes 
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466 from dilative to contractive. When a part of the solid fraction is eroded, the density state ( ) ce e

467 decreases and, as a consequence, the shear resistance decreases, creating additional deformation of 

468 the granular assembly.

469 The proposed numerical approach was able to reproduce the general trend of the soil behavior up to 

470 the peak strength which corresponded in the experiments to the development of strain localization 

471 within the specimens. In some cases, discrepancies between experimental and numerical results 

472 could be seen, possibly due to the difficulty of measuring accurately certain material properties, such 

473 as the elastic stiffness or the friction angle, as a function of the fines content. Another aspect which 

474 was not taken into account in the simulations was that heterogeneity within the specimen could be 

475 produced by the combined effects of transport and filtration of the fine particles. Not enough detail 

476 of this particular aspect was given by Chang (2012). 

477 4. Discussion

478 Several numerical tests were performed on the HK-CDG samples to investigate systematically the 

479 soil behavior which lost fines content during the erosion process, as well as the influences of soil’s 

480 initial density and initial fines content. After applying the external stresses, each specimen was 

481 subjected to a hydraulic gradient at constant external stresses, as shown in Figure 2.

482 4.1. Influence of the soil’s initial state on the initiation of erosion

483 According to Figures 5 and 6, the proposed model is able to distinguish the initiating hydraulic 

484 gradient  and the soil skeleton deformation hydraulic gradient  of the erosion process. starti sdi

485 Numerical tests were performed on the HK-CDG samples to further study the influence of the soil’s 

486 initial state on the initiation of erosion. Figure 9 presents the cumulative weight of the eroded soil as 
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487 a function of hydraulic gradient for (a) different initial fines contents and (b) different initial void 

488 ratios. It is obvious that the increase of the initial fines content or the decrease of the initial void ratio 

489 increases the hydraulic gradient required to cause erosion, which appears reasonable in view of the 

490 experimental phenomenon.

491 4.2. Effect of internal erosion on the hydro-mechanical response

492 Numerical tests were performed on the HK-CDG samples, with  and . All the 0 0.45e  0 0.35cf 

493 specimens were isotropically consolidated up to  kPa and then sheared at different stress ' 100p 

494 levels. Afterwards, each specimen was subjected to a hydraulic gradient while the external stresses 

495 were kept constant. Figure 10 presents the axial and the volumetric strains versus the eroded fraction 

496 of fine particles. For small stress ratios ( ), a slight contraction occurred with the increase 1q p  

497 of the eroded fraction and the samples reached a final equilibrium state with an axial strain smaller 

498 than 5% after the entire erosion process. For intermediate  values ( =1.0; 1.25), two stages could  

499 be identified. Slight contractions occur firstly, and the axial strain developed slowly. After 20% and 

500 16.5% of the total mass being eroded for the samples under =1.0 and 1.25, the deformation 

501 increased much faster and the samples exhibited a large contraction. This result indicates that, at this 

502 stage, important grain rearrangements occurred in the microstructure so as to reach a new stable 

503 mechanical state. However, for , no new equilibrium state could be reached; more details can 1.5 

504 be found in the next section for similar numerical tests on denser samples. Obviously, given  (or cf

505 the fines loss in terms of percentage of the total fines ), values can be identified as the 0 100%c cf f 

506 triggering factor for the development of large macroscopic deformations. Furthermore, the higher the 

507 stress ratio is during erosion, the smaller an eroded fraction will be needed in order to lead the 

508 sample to failure. The predicted axial strains of GS-C-1 ( ), GS-C-5 ( ) and GS-C-6 0  1.2 

509 ( ) with large fines content loss are compared in Figure 11 (the solid lines correspond to loss 1.5 
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510 of fines content observed in experiments, and the dashed lines predict the erosion evolution in case 

511 the loss of fines content continues). It is shown that for the specimen GS-C-1 ( ), even if all the 0 

512 fines are eroded, the deformation remains below 1%; for specimens GS-C-5 ( ) and GS-C-6 1.2 

513 ( ), a temporary equilibrium state is reached at , and then remains stable up to 15% 1.5  5%cf 

514 (for GS-C-6) and 18% (for GS-C-5) of eroded fines. The axial strain then develops very rapidly with 

515 a small loss of fines.

516 As presented in Figure 12(c) and Figure 12(f), the erosion process tends to increase the sample 

517 porosity without producing significant macroscopic deformation, especially for low and medium  

518 values. As shown by the DEM simulations in (Scholtès et al. 2010; Wood et al. 2008; Wood and 

519 Maeda 2008), a certain amount of fine particles can be removed without significant consequence at 

520 the macroscopic scale due to the presence of floating grains not involved in the force chain network. 

521 Furthermore, the creation of a more open microstructure due to the loss of fines content dominates 

522 the effect of sample compression induced by local destabilizations.

523 In order to bring all the specimens to failure, triaxial compression was performed on the samples 

524 which stabilized after a certain fraction of the eroded mass. Figure 12 presents the simulations of the 

525 erosion for different stress ratios  and the following triaxial compression of the samples = q p 

526 which stabilized at  and , respectively. These results demonstrate that the 0.15cf  0.25cf 

527 increase of the porosity produced a change in the specimen behavior from dilative to contractive. As 

528 shown also in Figure 10, the strain path was linked to the stress ratio. It is remarkable that the 

529 limiting threshold of  under which the sample failed during erosion was generally smaller than the 

530 value of  at critical state ( ) obtained from the drained triaxial tests and dependent on the q p cs

531 amount of the loss of fines. For a high degree of erosion (i.e.  as shown in Figure 12d-f), 0.25cf 

532 the specimen developed large compaction during erosion, even though the stress ratio  was far =1.0
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533 from its value at the critical state ( ). Even if the soil became denser and, therefore, 1.68cs 

534 somewhat stronger, large deformations might occur, leading to heavy damages to the earth structures. 

535 As stated in (Hicher 2013), granular assemblies can develop instability at a shear stress level much 

536 lower than the critical state failure line; the so-called diffuse failure can occur in highly eroded soils. 

537 Besides, the results demonstrate that the proposed model was able to take into account the evolution 

538 of the critical state which was different for the degraded specimens in comparison to the intact ones.

539 4.3. Influence of the soil’s initial density on the hydro-mechanical response

540 Numerical tests were performed on dense samples of HK-CDG mixture, with  and 0 0.35e 

541 , in order to evaluate the influence of the initial density of the soil on the mechanical 0 0.35cf 

542 response during internal erosion. By comparing Figure 13 with Figure 10, it can be concluded that, at 

543 a given stress ratio, a denser sample is more resistant and less inclined to deform when fine particles 

544 are progressively eroded. A larger  value is, therefore, necessary to trigger the development of cf

545 large macroscopic deformations. For high stress ratios ( ), the specimens dilated with the loss 1.5 

546 of fines. Let us consider the specimen with  as an example. The volumetric and axial strains 1.6 

547 of the specimen increased slowly to 0.2% and 1.4%, respectively, until . Afterwards, the 12.5%cf 

548 volume of the specimen increased rapidly, indicating that the mechanical state of the soil changed 

549 from stable to unstable, leading to the transition of the development of the axial strain from a slow to 

550 a large increase. At , a sudden decrease of the volume indicated the failure of the 18.9%cf 

551 specimen, resulting in a high increase of the axial strain from  to an unlimited value. The 5.9%a 

552 final failure of the specimen was linked to the collapse of the initial microstructure, leading to the 

553 rapid decrease of the specimen volume.
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554 Figure 14 presents the simulations of erosion for different stress ratios  and the following = q p 

555 triaxial compression of the samples which stabilized at  for (a-c) and  for (d-f), 0.15cf  0.25cf 

556 respectively. Compared to Figure 12, the results confirmed that, for initially denser specimens, the 

557 initial microstructure supported more loss of fine particles with limited macroscopic deformation.

558 4.4. Influence of the initial fines content on the hydro-mechanical response

559 Natural soils can contain different proportions of fine particles. The influence of the initial fines 

560 content on the mechanical behavior during erosion was evaluated by a series of numerical tests on 

561 HK-CDG mixture with , . Figure 15 presents the specimen deformations in the 0 0.45e  0 0.2cf 

562 simulations of erosion for different stress ratios  on HK-CDG mixture with . By = q p  0 0.2cf 

563 comparing Figure 10 and Figure 15, it can be concluded that, for a low initial fines content, more 

564 loss of fine particles is necessary to trigger large deformations. Let us consider the specimen with 

565  as an example. In the cases  and 0.2, respectively, the critical  necessary to 1.65  0 0.35cf  cf

566 trigger the failure are 1.5% and 15.5% respectively. This can be understood from the 

567 phenomenological constitutive relation . The reference critical void ratio  corresponding 0c crf e 0cre

568 to the initial fines content  is shown in Figure 4 (b). It can be seen that the value of  at 0cf 0cre

569  is larger than that at , leading to a higher initial position of the critical state line 0 0.2cf  0 0.35cf 

570 in the  plane. Therefore, the specimen with  is in a denser state than the specimen 'e p 0 0.2cf 

571 with , evaluated by the value of . This specimen remains stable until a large number 0 0.35cf  0 ce e

572 of fine particles are eroded. Nevertheless, the specimen under a large stress ratio exhibited a dilatant 

573 behavior during the erosion process. 
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574 5. Conclusion

575 This study provides a novel contribution to the numerical approach of quantifying the impact of 

576 internal erosion on the mechanical behavior of granular soils. The detachment and transport of fine 

577 particles induced by internal erosion has been modeled by a mass exchange between the solid and the 

578 fluid phases. The governing equations were formulated based on the mass balance of four assumed 

579 constituents: the stable fabric of the solid skeleton, the erodible fines, the fluidized particles, and the 

580 fluid. A non-linear incremental model was adopted in order to obtain a non-linear stress-strain 

581 relationship for the soil mixture. The model was enhanced by the introduction of the critical state 

582 concept and by formulating the influence of the fines content on the critical state line in the e-p’ 

583 plane based on experimental results in order to take into account the impact of the amount of eroded 

584 fines on soil deformability and strength.

585 An erosion and mechanics coupled model was formulated which is practical useful to evaluate the 

586 eroded mass as well as deformation of soil specimen during internal erosion. This practical model 

587 was used to simulate the behavior of HK-CDG mixtures before, during, and after erosion through 

588 triaxial tests. After a significant amount of fine particle loss, the stress-strain behavior of the soil 

589 changed from dilative to contractive with the shear resistance decreasing. The comparison between 

590 experimental results and simulations demonstrated that the model can reproduce with a reasonable 

591 success the initiation of internal erosion, the sudden increases in erosion rate, the change in hydraulic 

592 conductivity and the deformations of the specimen. The results confirmed that the deformation was 

593 linked to the stress ratio under which the erosion process was active. Note that it is in our interest to 

594 understand better the development of internal erosion. The experimental analysis on erosion induced 

595 deformations under controlled stress states is still in its infancy, not to mention the systematic 

596 analysis of the influence of the soil’s initial states (initial relative density and fines content) under 

597 different stress states. Therefore, the influence of the stress state and the soil’s initial states (relative 
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598 density and fines content) were investigated from a numerical standpoint. Interestingly, besides the 

599 stress ratio, the amount of loss of fines indicating the yielding from a stable to an unstable 

600 mechanical response appeared to be related to the initial density as well as to the initial fines content 

601 of the soil mixture. These results should provide some inspiration for the design of future 

602 experiments in order to better understand the physics of internal erosion and its impact on the soil 

603 behavior.

604 It is worth mentioning that this study does contain some limitations which could be remediated in 

605 future work. The consideration of the self-filtration process and the initial heterogeneity of the 

606 specimen might influence the critical hydraulic gradient and delay the final equilibrium state. More 

607 advanced laboratory testing in a triaxial permeameter with well-documented data on the spatial 

608 variations during internal erosion will be needed for the development, calibration, validation and 

609 verification of the model. 
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788 Figure captions

789 Figure 1. Grain size distribution of the tested HK-CDG mixture

790 Figure 2. Illustration of increasing hydraulic gradient applied during internal erosion test

791 Figure 3. Computation flowchart for internal erosion under constant stresses

792 Figure 4. (a) Isotropic compression test simulation and critical state; (b) fitted reference critical void 

793 ratio versus fines content for HK CDG mixture

794 Figure 5. Comparison between experimental results and simulations for HK CDG mixture during 

795 erosion tests under different stress states: (a) Cumulative eroded soil mass and (b) variations of the 

796 coefficient of permeability

797 Figure 6. Increasing hydraulic gradients applied during internal erosion for simulations

798 Figure 7. Comparison of the deformation of the specimen between experimental results and 

799 simulations for HK CDG mixture during erosion tests under different stress states: (a) axial strain 

800 and (b) radial strain.

801 Figure 8. Comparison between experimental results and simulations for HK-CDG mixture before 

802 and after erosion: (a,c) deviatoric stress versus axial strain; (b,d) void ratio versus axial strain

803 Figure 9. Cumulative weight of eroded soil as a function of hydraulic gradient for (a) different initial 

804 fines contents; and (b) different initial void ratios

805 Figure 10. Specimen deformations as a function of the eroded fraction of fine particles in the 

806 simulations of erosion for different stress ratios = q p  : (a) axial strains; (b) volumetric strains

807 Figure 11. Simulated results of the calibrated erosion tests with continuing fines loss
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808 Figure 12. Simulations of erosion for different stress ratio = q p   and the following triaxial 

809 compression which stabilized at 0.15cf   for (a - c), and 0.25cf   for (d - f), respectively: the 

810 thick blue lines indicate the triaxial compression of the initial specimen, the dashed thin lines 

811 indicate the erosion process, the solid lines indicate the following triaxial compression of the eroded 

812 samples

813 Figure 13. Specimen deformations in the simulations of erosion for different stress ratio = q p   on 

814 dense HK-CDG mixture with 0 0.35e  : (a) axial strains and (b) volumetric strains as a function of 

815 eroded fraction of fine particles.

816 Figure 14. Simulations of erosion on initially dense HK-CDG mixture with 0 0.35e   for different 

817 stress ratio = q p   and the following triaxial compression which stabilized at 0.15cf   for (a-c), 

818 and 0.25cf   for (d-f) respectively: thick blue lines indicate the triaxial compression of the initial 

819 specimen, dashed thin lines indicate the erosion process, solid lines indicate the triaxial compression 

820 of the eroded samples

821 Figure 15. Specimen deformations in the simulations of erosion for different stress ratios = q p   on 

822 sand mixture with 0 0.2cf  : (a,b) axial and volumetric strains as a function of the eroded fraction of 

823 fine particles; (c,d) porosity and volumetric strain as a function of axial strain.
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1 Appendix A1. Four-constituent continuum model

2 In a given Representative Elementary Volume (REV), dV consisting of the four constituents, the 

3 volume fraction of a single constituent x is expressed as:

4    d ,
,

d

i
i V x t

n x t
V

  (A.1)

5 with  , , ,i ss se ff fp denoting the 4 constituents: the stable fabric of the solid skeleton, the erodible 

6 fines, the fluidized particles and the pure fluid phase; xdV denoting the volume of the corresponding 

7 constituent.

8 At a material point level, the mass balance for the i phase is given, neglecting the hydro-mechanical 

9 dispersion tensor, by Schaufler et al. (2013):

10
    ,div

i
i i ex i

t


 


 


v  (A.2)

11 where ,ex i  and iv  denote, respectively, the mass exchange term and the velocity of the 

12 corresponding constituent. The mass balances for the four constituents can be reduced to the 

13 corresponding volume balance:

14
    ,div

i
i i ex i

n
n n

t


 


v  (A.3)

15 ,ex xn is the term of the volume of mass exchange. 

16 The porosity field  ,x t , the amount of erodible fines  ,cf x t  and the concentration of the 

17 fluidized particles  ,c x t  are defined as follows:
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18 , , 
1

se fp
ff fp

c
n nn n f c

 
   


 (A.4)

19 The phase transition of the fine particles from solid to fluidized particles leads to: 

20 , , , ,ˆ,  0,  0ex fp ex se ex ss ex ffn n n n n      (A.5)

21 The mass balance equations are then given by Eqs. (3)-(6). 
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1 Tables

2 Table 1 Physical properties of the tested soil mixtures

Density of fluid f 1.00 g/cm3

Density of solids s 2.65 g/cm3

Kinematic viscosity of fluid k 5.0×10-6 m2∙s-1

Initial porosity 0 0.34
Initial permeability  k 7.5×10-5 m∙s-1

Initial fines content 0cf 0.35

3

4 Table 2. Mechanical constants of HK-CDG mixture

Elastic
parameters

Dilatancy 
parameters

CSL-related
parameters

K0/MPa G0/MPa n d Ad ehc,cr0 efc,cr0   c
50 16.7 0.95 18 0.35 0.8 0.86 0.45 0.03 40.5

5

6 Table 3. Erosion constants of HK-CDG mixture

Fines
parameters

Erosion
parameters

a m fth e 1 2 3 mk
0.79 0.46 0.28 1 0.8 2.7 0.05 4

7
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Figure 1. Grain size distribution of the tested HK-CDG mixture
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Figure 2. Illustration of increasing hydraulic gradient applied during internal erosion test

Page 40 of 53



Figure 3. Computation flowchart for internal erosion under constant stresses
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(a) (b)

Figure 4. (a) Isotropic compression test simulation and critical state; (b) fitted reference 

critical void ratio versus fines content for HK CDG mixture
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(a) (b)

Figure 5. Comparison between experimental results and simulations for HK CDG 

mixture during erosion tests under different stress states: (a) Cumulative eroded soil 

mass and (b) variations of the coefficient of permeability
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Figure 6. Increasing hydraulic gradients applied during internal erosion for simulations
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(a) (b)

Figure 7. Comparison of the deformation of the specimen between experimental results 

and simulations for HK CDG mixture during erosion tests under different stress states: 

(a) axial strain and (b) radial strain.
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(a) (b)

(c) (d)

Figure 8. Comparison between experimental results and simulations for HK-CDG 

mixture before and after erosion: (a,c) deviatoric stress versus axial strain; (b,d) void 

ratio versus axial strain
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(a) (b)

Figure 9. Cumulative weight of eroded soil as a function of hydraulic gradient for (a) 

different initial fines contents; and (b) different initial void ratios
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(a) (b)

Figure 10. Specimen deformations as a function of the eroded fraction of fine particles in 

the simulations of erosion for different stress ratios  : (a) axial strains; (b) volumetric 

strains
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Figure 11. Simulated results of the calibrated erosion tests with continuing fines loss
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(c) (f)

(b) (e)

(a) (d)

Figure 12. Simulations of erosion for different stress ratio   and the following triaxial 

compression which stabilized at   for (a - c), and   for (d - f), respectively: the thick blue 

lines indicate the triaxial compression of the initial specimen, the dashed thin lines 

indicate the erosion process, the solid lines indicate the following triaxial compression of 

the eroded samples
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(a) (b)

Figure 13. Specimen deformations in the simulations of erosion for different stress ratio   

on dense HK-CDG mixture with  : (a) axial strains and (b) volumetric strains as a 

function of eroded fraction of fine particles.
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(a) (d)

(b) (e)

(c) (f)

Figure 14. Simulations of erosion on initially dense HK-CDG mixture with   for different 

stress ratio   and the following triaxial compression which stabilized at   for (a-c), and   

for (d-f) respectively: thick blue lines indicate the triaxial compression of the initial 

specimen, dashed thin lines indicate the erosion process, solid lines indicate the triaxial 

compression of the eroded samples
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(a) (b)

(c) (d)

Figure 15. Specimen deformations in the simulations of erosion for different stress ratios   

on sand mixture with  : (a,b) axial and volumetric strains as a function of the eroded 

fraction of fine particles; (c,d) porosity and volumetric strain as a function of axial strain.
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