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Currently, numerical studies at the real scale of an entire engineering structure considering internal erosion are still rare. This paper presents a 3D numerical simulation of the effects of internal erosion within a linear dike located on a foundation. A 2D finite element code has been extended to 3D in order to analyze the impact of internal erosion under more realistic hydro-mechanical conditions. The saturated soil has been considered as a mixture of four interacting constituents: soil skeleton, erodible fines, fluidized fine particles, and fluid. The detachment and transport of the fine particles have been modeled with a mass exchange model between the solid and the fluid phases. An elasto-plastic constitutive model for sand-silt mixtures has been developed to monitor the effect of the evolution of both the porosity and the fines content induced by internal erosion upon the behavior of the soil skeleton. An unsaturated flow condition has been implemented into this coupled hydromechanical model to describe more accurately the seepage within the dike and the foundation. A stabilized finite element method was used to eliminate spurious numerical oscillations in solving the convection-dominated transport of fluidized particles. This numerical tool was then applied to a specific dike-on-foundation case subjected to internal erosion induced by a leakage located at the bottom of the foundation. Different failure modes were observed and analyzed for different boundary conditions, including the significant influence of the leakage cavity size and the elevation of the water level at the upstream and downstream sides of the dike.

Introduction

Internal erosion occurs when fine particles are plucked off by hydraulic forces and transported through a coarse porous matrix. The known causes are either a concentration of leak erosion, backward erosion, soil contact erosion, or suffusion [START_REF] Bonelli | On the modelling of internal soil erosion[END_REF][START_REF] Fell | Time for development of internal erosion and piping in embankment dams[END_REF][START_REF] Wan | Investigation of rate of erosion of soils in embankment dams[END_REF] . This paper focuses on suffusion, which corresponds to the detachment and migration of fine particles within the voids (pores) of coarse particles by means of seepage flow. Due to the loss of a part of the solid phase, the mechanical properties of the soil are progressively modified and degraded, and with time, earthen structures may be subjected to risk of failure [START_REF] Fell | Time for development of internal erosion and piping in embankment dams[END_REF][START_REF] Xu | Breaching parameters for earth and rockfill dams[END_REF][START_REF] Zhang | Seepage failure mechanism of the Gouhou rockfill dam during reservoir water infiltration[END_REF][START_REF] Zhang | Analysis of earth dam failures: A database approach[END_REF][START_REF] Rönnqvist | On the use of empirical methods for assessment of filters in embankment dams[END_REF] . Foster et al. [START_REF] Foster | The statistics of embankment dam failures and accidents[END_REF] showed that nearly 46% of the damage of 128 embankment dams could be attributed to internal erosion. Moreover, sinkholes and cavities triggered by internal erosion are frequently observed within dams and dikes [START_REF] Wood | The magic of sands-the 20th Bjerrum Lecture presented in Oslo, 25 November 2005[END_REF][START_REF] Sterpi | Effects of the erosion and transport of fine particles due to seepage flow[END_REF] . Internal erosion can also trigger slope failures and generate significant landslides [START_REF] Crosta | On slope instability induced by seepage erosion[END_REF][START_REF] Hu | Seismic precursor to instability induced by internal erosion in loose granular slopes[END_REF] .

Laboratory experimental tests [START_REF] Sibille | A description of internal erosion by suffusion and induced settlements on cohesionless granular matter[END_REF][START_REF] Rochim | Effects of Hydraulic Loading History on Suffusion Susceptibility of Cohesionless Soils[END_REF][START_REF] Moffat | Spatial and temporal progression of internal erosion in cohesionless soil[END_REF][START_REF] Chang | A stress-controlled erosion apparatus for studying internal erosion in soils[END_REF][START_REF] Marot | Assessing the susceptibility of gap-graded soils to internal erosion: proposition of a new experimental methodology[END_REF] and numerical analyses [START_REF] Vardoulakis | Hydro-mechanical aspects of the sand production problem[END_REF][START_REF] Stavropoulou | Coupled wellbore erosion and stability analysis[END_REF][START_REF] Papamichos | Volumetric sand production model and experiment[END_REF][START_REF] Cividini | Finite-element approach to the erosion and transport of fine particles in granular soils[END_REF][START_REF] Lominé | Modeling of fluid-solid interaction in granular media with coupled lattice Boltzmann/discrete element methods: application to piping erosion[END_REF][START_REF] Mansouri | Numerical simulation of the quicksand phenomenon by a 3D coupled Discrete Element-Lattice Boltzmann hydromechanical model[END_REF][START_REF] Zhang | Three-dimensional DEM modeling of the stress-strain behavior for the gap-graded soils subjected to internal erosion[END_REF] at the scale of the representative elementary volume have undoubtedly played an important role in understanding the physical mechanisms behind internal erosion phenomena. However, these studies have not provided a clear understanding of where and when seepage flow could trigger internal instability in a granular soil mixture at larger space scales for real boundary value problems. Several physical tests have been carried out for this purpose 12, 25, 26 . However, few numerical studies at the scale of an engineering structure are available in the literature [START_REF] Vardoulakis | Hydro-mechanical aspects of the sand production problem[END_REF][START_REF] Stavropoulou | Coupled wellbore erosion and stability analysis[END_REF][START_REF] Cividini | Finite-element approach to the erosion and transport of fine particles in granular soils[END_REF][START_REF] Zhang | A thermodynamics-based model on the internal erosion of earth structures[END_REF][START_REF] Uzuoka | Hydro-mechanical analysis of internal erosion with mass exchange between solid and water[END_REF] . In the available studies, the mechanical responses of an eroded soil were often bypassed or simplified by using an elastic model with induced damage parameters. Yang et al. [START_REF] Yang | Internal erosion in dike-on-foundation modeled by a coupled hydromechanical approach[END_REF] proposed a coupled hydro-mechanical approach based on porous continuous medium theory to assess how internal erosion impacts the safety of earthen structures. They developed an elasto-plastic constitutive model for sand-silt mixtures to monitor the effect of the evolution of both the porosity and the fines content induced by internal erosion upon the behavior of the soil skeleton. This model was then applied to analyse internal erosion within a fully saturated dike under plane strain condition. However, a three-dimensional (3D) condition has long been thought to be a significant factor in the internal erosion process. Under 3D conditions, the constraint of the surrounding soil may limit or delay the development of the soil deformation, which may in turn introduce a more 'local' failure-collapse mode (i.e., a sinkhole) instead of a landslide-type instability.

The aim of this study is to simulate the 3D mechanical consequences of internal erosion within a linear dike on a foundation under more general and realistic conditions. First, the unsaturated flow condition was implemented into the coupled hydro-mechanical model of Yang et al. [START_REF] Yang | Internal erosion in dike-on-foundation modeled by a coupled hydromechanical approach[END_REF] in order to describe more accurately the seepage within the dike and foundation due to the difference in water pressure at the upstream and downstream sides of the dike-onfoundation. Afterwards, the enhanced model was implemented into a 3D finite element code using a stabilized finite element method. Then it was applied to simulate the effect of internal erosion induced by a seepage flow within a dike, and a leakage at the bottom of the foundation due to the presence of a cavity. The influence of the leakage cavity size and the elevation of the water level at the upstream and downstream sides of the dike-on-foundation were thus analysed.

Coupled hydro-mechanical model 2.1. Mass balances and transported particles

According to Vardoulakis et al. [START_REF] Vardoulakis | Hydro-mechanical aspects of the sand production problem[END_REF] and Schaufler et al. [START_REF] Schaufler | Infiltration processes in cohesionless soils[END_REF] , it is possible to consider a saturated porous medium as a material system composed of 4 constituents in 2 phases: the stable fabric of the solid skeleton, erodible fines, fluidized particles and pure fluid. The fines can behave either as a fluid-like (described as fluidized particles) or as a solid-like (described as erodible fines) material. The hydraulic process of suffusion can be described by a system of non-linear partial differential equations deduced from the mass balance of the mixture system (More details can be found in [START_REF] Yang | Internal erosion in dike-on-foundation modeled by a coupled hydromechanical approach[END_REF] ): 
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Erosion law

The variable n in Eqs. ( 2)-( 4) is the volumetric mass exchange at any point in time, which determines the rate of erosion. It should be defined by an appropriate erosion law. Since the proposed numerical approach is modular and independent of the erosion law, it is possible to choose the most appropriate expression of the erosion law for different cases. Due to the lack of experimental data, the present paper is mainly a theoretical study. Its focus is not upon a comparison with a real case and it does not discuss the choice of the erosion law. A simple erosion law [START_REF] Uzuoka | Hydro-mechanical analysis of internal erosion with mass exchange between solid and water[END_REF] has therefore been adopted as follow:  is a material parameter, experimentally determined. Furthermore, in the following analyses, a residual fines content has been artificially introduced for the sake of simplicity.
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Unsaturated flow in dike-on-foundation

For isotropic partially saturated porous continua, the classical expression for the Cauchy effective stress tensor  σ consistent with continuum principles of thermodynamics can be expressed as follows [START_REF] Borja | On the mechanical energy and effective stress in saturated and unsaturated porous continua[END_REF] : where σ is the total Cauchy stress tensor, B is the Biot coefficient, I is the second-order identity tensor and p is the mean pore pressure; w p and a p are the pore water and pore air pressures, and w s and a s are the degrees of water saturation and air saturation, respectively.

Bp   
The tensile stresses are considered positive, which explains the sign in Eq. ( 9). We consider in the following a Biot coefficient B equal to one [START_REF] Uzuoka | Dynamics of unsaturated poroelastic solids at finite strain[END_REF] . In a transient and quasi-static analysis, the model can be simplified by assuming that the air pressure is constant throughout the domain and is small enough so that its value can be disregarded. , the saturation condition lies within certain limits [START_REF] Van Genuchten | A closed-form equation for predicting the hydraulic conductivity of unsaturated soils[END_REF][START_REF] Mckee | Flow-testing coalbed methane production wells in the presence of water and gas[END_REF] . In this study, the empirical soil-water characteristic curve (SWCC) proposed by van Genuchten [START_REF] Van Genuchten | A closed-form equation for predicting the hydraulic conductivity of unsaturated soils[END_REF] , which has been proved to be suitable for silty sand [START_REF] Van Genuchten | A closed-form equation for predicting the hydraulic conductivity of unsaturated soils[END_REF] , was adopted to explicitly determine the degree of water saturation for a given capillary pressure.

In the van Genuchten model, the SWCC is expressed as follows [START_REF] Van Genuchten | A closed-form equation for predicting the hydraulic conductivity of unsaturated soils[END_REF] : s was set to be 1.0.
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The water permeability coefficients within the van Genuchten model were assumed to be dependent on effective water saturation as: Therefore, the unsaturated flow could be introduced into the hydro-mechanical model for internal erosion by combining Eqs. ( 11)- (13) with Eqs. ( 1)-(4). A critical state based constitutive model was adopted to determine the Cauchy effective stress. This model has the capacity to consider the impact of the change of porosity and fines content upon the mechanical behavior of the soil during the erosion process, as described below. Note that in this study, the foundation soil was considered as a sandy soil with coarse grains, and thus, the above modification to the effective stresses was suitable when applied directly to the saturated sand model.
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Critical state based soil model considering fines effect

To assess the mechanical response to the loss of fines content induced by internal erosion in an earthen structure, it was decided to adopt a non-associated elastoplastic constitutive model for sand-silt mixture for the solid skeleton [START_REF] Yin | Elastoplastic modeling of sand-silt mixtures[END_REF] . This model was extended from the basic SIMSAND model [START_REF] Jin | Investigation into MOGA for identifying parameters of a critical-state-based sand model and parameters correlation by factor analysis[END_REF][START_REF] Wu | A straightforward procedure of parameters determination for sand: a bridge from critical state based constitutive modelling to finite element analysis[END_REF] under the framework of the critical state concept and elastoplasticity theory (summarized in Appendix) by defining the position of the critical state line as a function of the fines content in order to unify the mechanical behavior of a sand-silt mixture from silt to sand or sand to silt (see ( 14) and ( 15)). Therefore, this model takes into account the influence of the porosity and the fines content evolution on the mechanical behavior of the soil during the erosion process. It should be noted that for sandy soils, only the shear yield surface is needed.

A non-linear expression of the critical state line is adopted here, and has the following expression: Given the evolution of the fines content during internal erosion, the constitutive model needs to take into account such internal soil mass evolution. Yin et al. [START_REF] Yin | Elastoplastic modeling of sand-silt mixtures[END_REF][START_REF] Yin | A micromechanics-based model for sand-silt mixtures[END_REF] considered 0 cr e as a function of the fines content in order to unify the mechanical behavior of a sand-silt mixture for different fines contents:
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The function was mathematically structured based on the hyperbolic tangent function
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x e e    to ensure a smooth transition between a silty sand and a sandy silt.

, 0 hc cr e and , 0

hf cr e are the reference critical void ratios for pure sand and pure silt, respectively.

a ,  , d R , m and th f are material constants. More details can be found in Yin et al. [START_REF] Yin | Elastoplastic modeling of sand-silt mixtures[END_REF][START_REF] Yin | A micromechanics-based model for sand-silt mixtures[END_REF] .

A finite difference code was developed to investigate the validity of the proposed model [START_REF] Yang | Modeling coupled erosion and filtration of fine particles in granular media[END_REF][START_REF] Yang | Hydro-mechanical modeling of granular soils considering internal erosion[END_REF][START_REF] Yang | Analysis of suffusion in cohesionless soils with randomly distributed porosity and fines content[END_REF] .

The comparison between experimental results and simulations demonstrated that, with an appropriate erosion law and well calibrated model parameters, the numerical model was able to reproduce with success the initiation and development of internal erosion.

Finite element approach

Standard Galerkin-weighted residual method

The following governing equations were obtained by combining the balance and constitutive x . For the sake of legibility, the time t and the space x variables have been omitted in the equations.
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This coupled mechanical-erosion process is a non-linear transient problem. Weak forms of the governing partial differential equations were implemented into the finite element code ABAQUS [START_REF] Hibbitt | ABAQUS/standard User's Manual[END_REF] . ABAQUS [START_REF] Hibbitt | ABAQUS/standard User's Manual[END_REF] where AMATRX and RHS are the Jacobian matrix and the residual nodal fluxes or forces needed to be defined corresponding to Eqs. ( 16)- (20); N d is the nodal vector of the DOFs   u , u , u , , , , q , q , q 

Stabilized finite element method

Several problems were noted in the treatment of the convection (advective) dominated flows (Eq. ( 19)). Numerical oscillation occurred when the standard Galerkin method was applied to convection dominated flows, affecting the computation accuracy and efficiency [START_REF] Brooks | Streamline upwind/Petrov-Galerkin formulations for convection dominated flows with particular emphasis on the incompressible Navier-Stokes equations[END_REF][START_REF] Codina | Comparison of some finite element methods for solving the diffusionconvection-reaction equation[END_REF] . The non-linear convection terms render the governing differential equations non-self-adjoint [START_REF] Sampaio | A Petrov-Galerkin/modified operator formulation for convectiondiffusion problems[END_REF] .

The matrix associated with the convective term is non-symmetric. As a result, the "best approximation" [START_REF] Surana | The finite element method for boundary value problems: mathematics and computations[END_REF] property is lost, resulting in numerical oscillations.

In practice, the oscillations become more significant as the Péclet number increases, which is a function of the properties of the porous medium governing diffusion and velocity of the fluid, as well as the finite element size [START_REF] Donea | Finite element methods for flow problems[END_REF][START_REF] Al-Khoury | Computational modeling of shallow geothermal systems[END_REF][START_REF] Zienkiewicz | The finite element method for solid and structural mechanics[END_REF] . Solutions are often corrupted by spurious oscillations when a downstream boundary condition forces a rapid change in the solution.

One way to eliminate such numerical oscillations is to refine the mesh, such that convection no longer dominates at an element level [START_REF] Brooks | Streamline upwind/Petrov-Galerkin formulations for convection dominated flows with particular emphasis on the incompressible Navier-Stokes equations[END_REF] . However, the prohibitive computational cost in 3D condition becomes an obstacle whenever real soil structures such as embankment dams are studied. This has provided motivation for an alternative to the Galerkin formulation that precludes spurious oscillations regardless of mesh refinement.

In the last decades, considerable effort has been made towards developing a stabilized finite element method to improve the numerical solutions of the heat or solute transport problems 

Converged ? No

Yes [START_REF] Yu | Petrov-Galerkin methods for the time-dependent convective transport equation[END_REF][START_REF] Yu | Petrov-Galerkin method for multidimensional, time-dependent, convectivediffusion equations[END_REF][START_REF] Dick | Accurate Petrov-Galerkin methods for transient convective diffusion problems[END_REF][START_REF] Hughes | A new finite element formulation for computational fluid dynamics: II. Beyond SUPG[END_REF][START_REF] Tezduyar | Discontinuity-capturing finite element formulations for nonlinear convection-diffusion-reaction equations[END_REF][START_REF] Hughes | A new finite element formulation for computational fluid dynamics: VIII. The galerkin/least-squares method for advectivediffusive equations[END_REF][START_REF] Codina | The intrinsic time for the streamline upwind/Petrov-Galerkin formulation using quadratic elements[END_REF][START_REF] Al-Khoury | Efficient finite element formulation for geothermal heating systems. Part II: transient[END_REF][START_REF] Cui | Numerical analysis of coupled thermo-hydraulic problems in geotechnical engineering[END_REF] . The present paper does not focus upon a comparison of different algorithms. The Petrov-Galerkin weighted residual method proposed by Yu and Heinrich [START_REF] Yu | Petrov-Galerkin methods for the time-dependent convective transport equation[END_REF][START_REF] Yu | Petrov-Galerkin method for multidimensional, time-dependent, convectivediffusion equations[END_REF] was employed for solving Eq. ( 19). The method involves perturbed weighting functions in the weighted residual formulations that depend on two parameters ( ,  ) calculated according to a local analysis. The perturbations to the weighting functions can be interpreted as an added local anisotropic balancing diffusion and an added dispersion in the direction of the convective motion. The integration of the weak form of Eq. ( 19) from time t to t t   provides an average equilibrium statement for the increment, which gives: where N N are shape functions, v is the average fluid velocity over the element; v is its Euclidean norm; h is a characteristic element length measure, defined as: where  h is the  isoparametric line across the element, passing through its centroid. h  is the projection of  h in the direction of the fluid velocity vector at the element centroid.
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In Eq.( 22),  and  are control parameters. The  term in the weighting function was introduced to eliminate artificial diffusion of the solution, while the  term was introduced to avoid numerical dispersion, given as [START_REF] Yu | Petrov-Galerkin methods for the time-dependent convective transport equation[END_REF][START_REF] Yu | Petrov-Galerkin method for multidimensional, time-dependent, convectivediffusion equations[END_REF] : It should be noted that the deformation terms have been omitted from the equilibrium equation ( 22) for the sake of simplicity, which assumes that the deformation of the specific domain will not change the concentration of the fluidized fine particles. The boundary conditions were taken as symmetry plane (rollers) on the left and right boundary surfaces of the foundation and as fully fixed at the base of the foundation. The gravity load was initially applied to generate the initial stresses and water pressure fields.
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Afterwards, the water head at the cavity was set to 11m in order to initiate water flow in and out the cavity. The alluvium and the dike were considered to be made of the same soil: a mixture of sand and silt. The physical properties and the material parameters, summarized in . The residual fines content was artificially fixed equal to 0.05 for the sake of simplicity in the 3D analysis.

Due to the lack of experimental data, the set of the van Genuchten model parameters used by Uzuoka et al. [START_REF] Uzuoka | Hydro-mechanical analysis of internal erosion with mass exchange between solid and water[END_REF] was adopted, as shown in Table 3. Figure 6 shows the SWCC and the relationship between the relative permeability of water and the degree of water saturation given by the van Genuchten model with the parameters in Table 3.

Plane of symmetry

D=0.2m

Plane of symmetry [START_REF] Jin | Multi-objective optimization-based updating of predictions during excavation[END_REF][START_REF] Yin | Optimization techniques for identifying soil parameters in geotechnical engineering: comparative study and enhancement[END_REF][START_REF] Yin | An efficient optimization method for identifying parameters of soft structured clay by an enhanced genetic algorithm and elastic-viscoplastic model[END_REF][START_REF] Jin | Selection of sand models and identification of parameters using an enhanced genetic algorithm[END_REF] or Bayesian based methods [START_REF] Jin | Bayesian model selection for sand with generalization ability evaluation[END_REF][START_REF] Jin | Identifying parameters of advanced soil models using an enhanced transitional Markov chain Monte Carlo method[END_REF] .

Hydro-mechanical responses in 3D condition

Due to the symmetry of the domain and the mechanical and hydraulic boundary conditions, only half the domain was modelled. Figure 7 shows the initial space distribution of the pore pressure in the dike and foundation under the gravity load. The phreatic surface corresponds to the locus of the points at which the pore water pressure is zero. Figure 8 shows the space distribution of the fines content after erosion for Case 1. As internal erosion took place, the fines content which was initially spatially uniform throughout the whole soil volume began to decrease with time. From a numerical point of view, the erosion process is more active where the hydraulic gradient changes more drastically. These analyses in the present paper were theoretical, they were carried out at constant water head and the materials of the dike and the foundation were assumed to be initially homogeneous. The water heads at the upstream and downstream were pre-fixed. The flux was therefore larger along the phreatic surface, especially at the two ends of the phreatic surface. Thus, for this theoretic case, it was reasonable to find a greater loss of fines at the top of the dike and at the bottom of the system along the phreatic surface. The water head may vary slowly or rapidly as a result of rainfall or human intervention. The seepage path and the location of the phreatic surface may become more complex and could evolve with time within a heterogeneous medium. The eroded zone may change accordingly. It can be concluded that the shear sliding and the volumetric settlements are two major consequences of the internal erosion. These phenomena depend, to a certain extent, on the location of the eroded zones. This aspect, under 2D condition, was discussed in a previous work [START_REF] Yang | Internal erosion in dike-on-foundation modeled by a coupled hydromechanical approach[END_REF] . In plane strain condition, a significant settlement of the dike was observed when the cavity was located below the top of the dike. In contrast, the results of the 3D simulations showed that the constraint of the surrounding soil limited the development of the deformation, which in turn introduced a local failure (i.e. the sinkhole shown in Figure 11-Figure 13) before the global sliding failure occurred.

It should be noted that, in this study, a large value of the erosion parameter e  was artificially chosen to reduce the simulation time. However, the time of failure is closely related to the erosion parameters and the permeability of the soil, both of which need to be determined experimentally [START_REF] Marot | Assessing the susceptibility of gap-graded soils to internal erosion: proposition of a new experimental methodology[END_REF][START_REF] Vardoulakis | Hydro-mechanical aspects of the sand production problem[END_REF] with care.

Influences of cavity size and water head

Effect of the size of the leakage cavity

In Case 3, a larger leakage cavity of 1.0 m in diameter was established at the bottom of the symmetry plane of the model, as shown in Figure 14, in order to investigate how the size of the leakage cavity influences the development of internal erosion within the dike and foundation. The observations of the Val d'Orléans dike showed that the sinkholes developed at different locations (Figure 22). The formation of these sinkholes was assumed to be due to the presence of karstic cavities below the soil forming the foundation of the dike. It can be seen that the numerical simulations were able to reproduce qualitatively the initiation and the development of these sinkholes whose locations within the dike are strongly related to the seepage conditions. will surely improve the understanding of the origin of damages or failures induced by internal erosion and serve as a reference to update the specifications for design, construction, and adaptation in order to mitigate and prevent the highest risks.

Conclusion

This study is an attempt to provide a novel method to identify the potential consequences of internal erosion developed within a dike under different boundary conditions. Even if the analyzed cases were mainly theoretical, they bear a close resemblance to real case problems.

The newly developed hydro-mechanical model for internal erosion was enhanced by introducing unsaturated flow in order to describe the seepage within the dike and foundation due to the difference in water pressure at the upstream and downstream sides. This enhanced model was implemented into a 3D finite element code. A stabilized finite element method was used to eliminate spurious numerical oscillations to solve the convection dominated flow of fluidized particles.

Then, a series of 3D simulations of the development of internal erosion within the dike and the foundation were carried out. It was observed that the decrease of the fines content close to the toe of the dike could stimulate a global sliding failure of the slope. The elevation of the water surface within the foundation at the downstream side increased the loss of the fines close to the toe. On the other hand, the presence of a leakage cavity could lead to the initiation of a sinkhole formed as a consequence of the rigid movement of the soil above the eroded area in the vicinity of the cavity. The location of the sinkhole was found to be related to the location of the phreatic surface. Moreover, the enlargement of the cavity accelerated the formation of the sinkhole. For a larger leakage cavity, the internal erosion within the dike and foundation developed faster, leading to the earlier appearance of a sinkhole at the top of the dike. In terms of failure mode, the presence of a leakage cavity introduced a more 'local' failure-collapse mode (i.e. a sinkhole) instead of a global sliding failure which was obtained by the numerical simulations performed under plain strain condition. Furthermore, the elevation of the water surface within the foundation at the downstream side increased the risk of a global sliding of the slope.

It is worth mentioning that the erosion model was developed for a saturated medium. In the unsaturated zone, internal erosion is assumed to be negligible due to the absence of seepage forces. However, the development of capillary forces in the unsaturated zone increases the mechanical resistance of the soil. This phenomenon will affect the global mechanical response of the dike. Besides, these analyses were carried out at constant water head and the materials of the dike and the foundation were assumed to be initially homogeneous. In nature, the water head may vary, slowly or rapidly, as a result of rainfall or human activities. The seepage path and the location of the phreatic surface may become more complex and could evolve with time within a heterogeneous medium. The eroded zone may change accordingly.

These aspects should be analyzed in future studies. 
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  provides a user subroutine option (UEL) that allows users to define a new type of element with user's defined governing equations and degrees of freedom (DOFs). The subroutine makes it possible to use advantageously the powerful pre-and postprocessing and highly efficient matrix solver of ABAQUS. The global calculate flow of ABAQUS with the call of UEL subroutine is shown in Figure1where the part of "from Call UEL to update RHS" was developed in this study. In general, Abaqus/UEL solves the overall system of non-linear equations by Newton's method: N   AMATRX d RHS ........................................................................................................ (21)

  isoparametric brick element with 9 DOFs has been developed and implemented into ABAQUS via the UEL subroutine. The detailed vector of residual and the Jacobian matrix can be found in Yang et al.[START_REF] Yang | Internal erosion in dike-on-foundation modeled by a coupled hydromechanical approach[END_REF] 
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 1 Figure 1. Global calculate flow of ABAQUS with the call of UEL subroutine
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  ..................................................................................... (24) ................................................................................................... (25) where  is the local Péclet number in an element and C is the local Courant number.

-dimensional modeling of internal erosion within a dike 4 . 1 . 1 S in Figure 2 )

 4112 Description of the problemThe characteristics of the studied configuration are presented in Figure2according to the case study of the dike of Val d'Orléans[START_REF] Alboresha | Evaluation of the impact of a cavity upon an earth dike (analytical and numerical approaches): Application to the Val d'Orléans area[END_REF] . The dike was built on sandy-silt alluvium formation over limestone. The upstream face of the dike-on-foundation (Face is exposed to the water within the river behind the dike. Likewise, the downstream face of the dike-on-foundation (Face 4 S in Figure2) is exposed to the atmosphere. If the soil is partially saturated, the phreatic surface in the dike and foundation (Face 2 S in Figure2) corresponds to the locus of the points at which the pore fluid pressure, w p , is equal to zero. Above this surface, the pore fluid pressure is negative, which represents the capillary tension that causes the fluid to rise against gravitational forces, creating a capillary zone. The saturation associated to specific values of the capillary pressure for the absorption of the fluid by the porous medium is a physical property of the material and has been defined by the van Genuchten model. The bottom of the alluvium layer (Face 3 S in Figure2) was assumed to rest on an impermeable limestone layer. The seepage due to the water pressure gradient at the upstream and downstream faces of the dike-on-foundation could lead to the detachment of fine particles that will move from the upstream to the downstream side, eventually leading to the degradation of the dike. Furthermore, in the case of the Val d'Orléans dike, it has been reported that karst collapses underneath the foundation might lead to a leakage cavity through which underground water and fine particles could flow out. Internal erosion could occur due to local hydraulic gradients in the vicinity of the cavity. The computations aimed to show how internal erosion may weaken the foundation and the dike under different boundary conditions.

Figure 2

 2 Figure 2 Scheme of the dike-on-foundation near Orléans (France) with a cavity located at the bottom.

Figure 3 Figure 4 Figure 5 .(a) Case 1 (b) Case 2 Figure 5

 345125 Figure 3 Schematic configuration of the dike and mesh of the numerical model

Figure 6

 6 Figure 6 (a) SWCC and (b) relative water permeability using van Genuchten modelHowever, it should be underestimated that the present work is a theoretical study. The aim is to provide a novel method to identify theoretically the potential consequences of internal erosion developed within a dike under different conditions. The numerical results were analyzed in a qualitive way. With an appropriate erosion law and well calibrated parameters, the numerical results could be compared with the in-situ data in the future. At the present

Figure 9 and

 9 Figure 9 and Figure 10 show the displacement and the deviatoric plastic strain fields within the dike at the end of the erosion ( time 30  days) for Case 1. The increase of the void ratio accompanied by a downward shift of the CSL in the e-p' plane induced by the decrease of the fines content made the soil increasingly looser. Consequently, the soil strength decreased.This led to the onset of a shear sliding surface in the most eroded area near the phreatic surface at the downstream side. The plastic deformation continued to develop with time until the dike ruptured by a sliding of the slope.

Figure 7 Figure 8 Figure 9 Figure 10

 78910 Figure 7 Spatial distribution of initial pore pressure in the dike and foundation under gravity load

Figure 11 Figure 12 Figure 13

 111213 Figure 11 Displacement magnitude field after erosion for Case 2 (Unit: m)

Figure 14 hydraulic 3 .

 143 Figure 14 hydraulic boundary conditions for Case 3 with the cavity of leakage (Diameter D=1.0 m) Figure 15 shows the displacement of the dike-on-foundation at the end of erosion (

Figure 15 Figure 16 (Figure 17 5 . 2 . 5 Figure 18 Figure 19 -Figure 19 Figure 20 Figure 21

 1516175251819192021 Figure 15 Displacement magnitude field after erosion for Case 3 (Unit: m)

Figure 22

 22 Figure 22 Photos of sinkholes within the Val d'Orléans dike (France) according to Gombert at al. 67 : (a) at the toe of the dike, (b) at the head of the dike, (c) on the slope face of the dike, (d) behind the dike It can be concluded that the development of internal erosion and the induced deformation of the dike-on-foundation are closely related to its hydraulic boundary conditions. Systematic studies about the influence of the hydraulic boundary conditions (i.e. non-constant water head)
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 123456789101112131531631718195202122 Figure 1. Global calculate flow of ABAQUS with the call of UEL subroutine Figure 2 Scheme of the dike-on-foundation near Orléans (France) Figure 3 Schematic configuration of the dike and mesh of the numerical model Figure 4 Mesh of numerical model (1/2 model due to Figure 5 Boundary hydraulic conditions for: (a) Case1-without the cavity; and (b) Case 2with the cavity (diameter D=0.2 m) Figure 6 (a) SWCC and (b) relative water permeability using van Genuchten model Figure 7 Spatial distribution of initial pore pressure in the dike and foundation under gravity load Figure 8 Spatial distribution of fines content after erosion for Case 1 (1/2 model) Figure 9 Displacement magnitude field after erosion for Case 1 Figure 10 Deviatoric plastic strain field after erosion for Case 1 (1/2 model) Figure 11 Displacement magnitude field after erosion for Case 2 (Unit: m) Figure 12 Deviatoric plastic strain field after erosion for Case 2 (1/2 model) Figure 13 Spatial distribution of fines content after erosion for Case 2 (1/2 model) Figure 14 hydraulic boundary conditions for Case 3 with the cavity of leakage (Diameter D=1.0 m) Figure 15 Displacement magnitude field after erosion for Case 3 Figure 16 Time variations of the maximum settlement (Point O in Figure 3) during erosion for Case 2 and Case 3 Figure 17 Spatial distribution of fines content after erosion for Case 2 and Case 3 (1/2 model) Figure 18 Hydraulic boundary conditions for Case 4 and Case 5 with different water levels downstream and upstream Figure 19 Displacement magnitude field after erosion for Case 2, Case 4 and Case 5 Figure 20 Deviatoric plastic strain field after erosion for Case 2, Case 4 and Case 5 (1/2 model) Figure 21 Spatial distribution of fines content after erosion for Case 2, Case 4 and Case 5 (1/2 model) Figure 22 Photos of sinkholes within the Val d'Orléans dike (France) according to Gombert at al. 67 : (a) at the toe of the dike, (b) at the head of the dike, (c) on the slope face of the dike, (d) behind the dike
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		Start of iteration
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	Update Jacobian matrix AMATRX
	Define loads and update RHS
	Solve	N   AMATRX d	RHS
		End of iteration

Table 1 and

 1 Table 2, corresponded to the Ottawa 50/200 sand-silt characteristics 36 with

	0 e 	0.6	, 0 0.01 c 	and 0 0.4

c f 

Table 1

 1 Physical properties of soils

	Density of fluid Density of solids	 f  s	1.0 g/cm 3 2.65	Kinematic viscosity of fluid Initial intrinsic permeability	 k 5.0E-6 m 2 s -1 k 2.5E-9 m 2

Table 2

 2 Material constants of soils

	Elastic parameters G 0 /MP  n	Plastic parameters k p A d  u	CSL-related parameters e hc,cr0 e fc,cr0 		Fines parameters a m f th  	Erosion parameters  e
	a							
	150	0.2	0.5	0.0017	1 32	0.805 1.03 0.196 0.081	0 0.7 0.3	0.02

Table 3

 3 Material parameters in van Genuchten model

, w s
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Appendix: Brief introduction to the SIMSAND model