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ABSTRACT: The present paper investigates bifurcation in geomaterials with the help of the
second-order work criterion. The approach applies mainly to non associated materials such
as soils. The analysis usually performed at the material point level is extended to quasi-static
boundary value problems, by considering the finite element stiffness matrix. The first part of
the paper reminds some results obtained at the material point level. The bifurcation domain is
presented in the 3D principal stress space as well as 3D cones of unstable loading directions
for an incrementally nonlinear constitutive model. In the second part, the analysis is extended
to boundary value problems in quasi-static conditions. Non-linear finite element computations
are performed and the global tangent stiffness matrix is analyzed. For several examples the
eigenvector associated with the first vanishing eigenvalue of the symmetrical part of the stiffness
matrix gives an accurate estimation of the failure mode even for non homogeneous boundary
value problems.

1 INTRODUCTION

Prediction of failure in geomaterials has not yet been completely clarified. This paper proposes

an original approach providing some tools that may help respond to this question. We restrict our

analysis to problems involving only rate-independent materials, with emphasis on non associated

pressure-dependent materials such as granular media. Phenomenological constitutive models

describe the material behaviour, and boundary value problems are solved using finite element

analysis.

One of the main features of geomaterials is nonassociativeness: the normality rule is not

fulfilled, and as a consequence the elastoplastic tensor loses its major symmetry (Hill 1967;

Mandel 1966; Mróz 1963; Mróz 1966). Because of this physical and mathematical feature, it is

now well known that failure can occur strictly within the plasticity boundary condition such as

Mohr-Coulomb condition(Lade 1992; Nova 1991; Darve & Chau 1987; Darve & Vardoulakis

2004).

In order to analyze material instabilities, several criteria have been proposed. The criteria

most often used by engineers are probably (1) the limit condition of plasticity, and (2) the strain

localization condition proposed by Rice (1976) given by the vanishing value of the acoustic



tensor. However, the second-order work criterion constitutes a lower bound for these two criteria

(Bigoni & Hueckel 1991).

Hill (1958) proposed the following sufficient condition of stability for an elastoplastic body:

∫
V

ṡi j
∂u̇ j

∂xi
dV > 0 ∀

∥∥∥∥∥∥
∂u̇ j

∂xi

∥∥∥∥∥∥ � 0 (1)

where V is the volume of the body at time t, si j the component of the nominal stress tensor (the

transpose of the first Piolat-Kirchoff tensor), and ∂u̇ j/∂xi the gradient velocity. In the case of a

small strain assumption and by neglecting geometrical effects, the condition (1) reads:

∫
V

dσi j dεi j dV > 0 ∀ ‖dε‖ � 0 (2)

with dσ the incremental Cauchy stress tensor, and dε the incremental strain tensor. In the first

section, this condition is analyzed at the material point level. Thus the expression investigated is:

d2W = dσi j dεi j > 0 ∀ ‖dε‖ � 0 (3)

where d2W is the second-order work and dσ and dε are linked by their constitutive equation.

Darve & Laouafa (2000) showed that what determines the effective instability (at a given stress-

strain state) depends on the loading direction and the nature of the controlled loading parameters.

We will show that elliptical cones of unstable loading directions (denoted ”instability cone”)

exist. If after a given loading path, the incremental loading direction is included within one of

these cones, failure can occur. We thereby define the limit of the bifurcation domain by the set of

stress-strain states for which a unique unstable loading direction exists. Furthermore, as shown

by Nova (1994), the nature of loading variables determines the effective failure. For instance, in

an undrained triaxial test performed on a loose sand, the q peak can be reached and passed if

the loading is strain controlled, whereas if the loading is axially force controlled, failure occurs

because the sample can not sustain any increase of q.

In the following section, the limit of the bifurcation domain plotted in the 3D stress space is

depicted for the incrementally nonlinear and incrementally piecewise linear constitutive relations

from Darve (Darve, Flavigny, & Meghachou 1995). An analytical equation of the instability

cones is given, and it is presented in the 3D principal stress space for both constitutive models.

In section 3, a stability analysis based on the features of the eigenvalues and eigenvectors of

the symmetrical part of the global tangent stiffness matrix Ks is performed. The boundary value

problem of a shallow foundation lying on an axisymmetrical soil is then analyzed.

2 SECOND-ORDER WORK CRITERION ANALYSIS WITHIN A
PHENOMENOLOGICAL FRAMEWORK

This section discusses the numerical and analytical analyses of the second-order work crite-

rion at the material point level. These analyses use elastoplastic constitutive relations. If small

perturbations are assumed, we can state that a material point of a body is stable (in Hill’s under-

standing) if, for any
(
dσ, dε

)
linked by their constitutive relation, equation (3) is fulfilled. Hence

equation (3) constitutes a sufficient, but not necessary, condition of stability. In the case where

d2W ≤ 0, the effective collapse of a homogeneous sample depends on the loading direction and

on the controlled loading variables, as mentioned above.



If we denote by M the matrix such that dσ = M dε and by N the matrix such that M = N−1, the

second order work vanishes when:

tdε M dε = 0 ⇔ tdε Ms dε = 0 (4)

or equivalently when:
tdσ N dσ = 0 ⇔ tdσ Ns dσ = 0 (5)

The constitutive equation can take the following form in a given tensorial zone1 and if expressed

in principal axes: 
dε1

dε2

dε3

 =


1
E1

− ν21

E2
− ν31

E3− ν12

E1

1
E2

− ν32

E3− ν13

E1
− ν23

E2

1
E3



dσ1

dσ2

dσ3

 (6)

where Ei and νi j are, respectively, the tangent Young moduli and tangent Poisson’s ratios. From

equation (5), we obtain the following expression:

dσ2
1

E1

+
dσ2

2

E2

+
dσ2

3

E3

−
(
ν12

E1

+
ν21

E2

)
dσ1 dσ2 −

(
ν32

E3

+
ν23

E3

)
dσ3 dσ2 −

(
ν13

E1

+
ν31

E2

)
dσ1 dσ3 = 0 (7)

The left-hand side of equation (7) is a quadric, with neither constant terms nor terms of degree

one according to dσi. Consequently, the solution of equation (7) is an elliptical cone if the quadric

is not degenerated. The real nature of this solution depends on the positiveness of det
(
Ns

)
and the

four cases displayed on Fig.1 can be considered. If we assume that the eigenvalues, λ1, λ2, λ3,

are positive at the virgin state and evolve continuously with the loading parameter, the limit of the

bifurcation domain (defined by the set of stress-strain states for which a unique unstable loading

direction exists) is obtained with the first vanishing value of det
(
Ns

)
. This analysis is rigorously

exact in the case of incrementally linear constitutive relations (i.e., linear or nonlinear hypoelas-

ticity or hyperelasticity). In the case of elastoplastic models, solutions of equation (7) have to

be looked for in each tensorial zone, and truncated if necessary. By denoting u0 the eigenvector

associated with the first vanishing eigenvalue λ0, Zj the tensorial zone where the computation is

performed, and n the number of tensorial zones, the limit of the bifurcation domain is given by

the following relation (Prunier, Nicot, Darve, Laouafa, & Lignon 2009):

min
i=1...,n

(
det

(
Ni

s

))
= det

(
N j

s

)
= 0 and u0 ⊂ Zj (8)

Fig.2 shows the 3D bifurcation domain obtained with Darve’s two constitutive models (Darve,

Flavigny, & Meghachou 1995) and dense sand, and Fig.3 shows some 3D instability cones.

These cones were obtained for stress states located along a drained triaxial test performed on

dense Hostun sand. As a reminder, the octolinear model presents eight tensorial zones defined

here by the three orthogonal principal stress planes. It is worth noting that these cones are situated

before the plasticity limit, and their opening increases continuously with the loading parameter

until plastic limit surface.

In conclusion, dual analyses (i.e. dσ versus dε or dε versus dσ) can be performed without

1 A tensorial zone is a domain of the loading space in which the incremental constitutive relation is linear (Darve & Labanieh

1982). A classical elastoplastic model has two tensorial zones: one for loading and another one for unloading.
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Fig. 1. Solutions of the equation: λ1X2 + λ2Y2 + λ3Z2 = 0.
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Fig. 2. Bifurcation domain plotted with octo and nonlinear models for dense Hostun sand. (a) corresponds to the limit of the

bifurcation domain for the octolinear model, and (b) for the nonlinear model. (c) is the cut of these domains by the deviatoric

plane.
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Fig. 3. 3D cones of unstable stress direction for dense Hostun sand. (a) presents the cones obtained with the octolinear model. The

planes represent the limit between the eight tensorial zones, the meshes correspond to the analytical solution and the points cloud

the solution obtained with the numerical method. (b) shows the results obtained with the nonlinear model using the numerical

method (no analytical result is available). po is the initial confining pressure, q = σ1 −σ3, η = q
p .

any restriction on the constitutive tensor because of the strict equivalence between equation (5)

and equation (4). For the limit plastic condition characterized by det
(
M

)
= 0, it happens that:

det
(
M

)
= 0 � det

(
N
)
= 0 (9)

But the equivalence is maintained for the symmetrical part of these matrices:

det
(
Ms

)
= 0 ⇔ det

(
Ns

)
= 0 (10)

In fact it can be shown that (Prunier, Laouafa, & Darve 2009):

det
(
Ms

)
=

det
(
Ns

)
(
det

(
N
))2

, (11)

In the case of associated materials, Ms = M and Ns = N. Equation (11) gives

det
(
M

)
= 1/det

(
N
)

and remains true, but equation (10) is no longer valid. The limit plastic

condition can never be expressed in a dual manner by considering M or N indifferently.

3 ANALYSIS OF THE FINITE ELEMENT TANGENT STIFFNESS MATRIX

As seen in the previous section, the spectral analysis of the symmetric part of the constitutive

matrix provides an interesting way to analyze bifurcation at the material point level. The aim of

this section is to check whether the same analysis done on the global tangent stiffness matrix



leads to the same conclusion. The result presented below is the solution of a nonlinear boundary

value problems, under the quasi-static assumption. The finite element code Lagamine (Lagamine

2007) developed at Liège University is used in the computations. The constitutive model consid-

ered in this code is an elastoplastic frictional pressure-sensitive relation developed for granular

media (Barnichon 1998). It is based on the Van Eekelen (1980) yield criterion, it takes into ac-

count soil hardening, and the flow rule is non associated.

However it is not because some material points of a body are unstable that the global collapse

actually occurs. In other words, local instability at some material points does not necessarily im-

ply global instability. That is why it is necessary to consider the expression of the second-order

work (equation (1)) integrated onto the whole body.

The relation between the integrated second-order work (D2W) and the tangent stiffness ma-

trix K is as follows (Prunier, Laouafa, Lignon, & Darve 2009):

D2W =
∫

V
d2WdV = tdU dF = tdU K dU = tdU Ks dU (12)

with dF and dU the global vectors of the incremental force and of the incremental displacement,

respectively. This result makes analyzing the symmetrical part of K (denoted Ks) pertinent.

The heuristic problem presented hereafter is the one of a shallow foundation resting on a soil

body. The foundation is simulated by a pressure acting on the soil surface. Geometrical data,

boundary conditions as well as the deformed mesh at the divergence of the computation are

shown in Fig.4. Nodal displacements at the bottom are totally fixed, while lateral displacements

Fig. 4. Description of the geometry and the boundary conditions of the problem. dp is the increment of stress applied at each

computation step.

are fixed only in the horizontal direction. The main parameters of the soil are displayed in Ta-

ble 1.

Fig.5 presents the changes in the lowest eigenvalues of Ks. This lowest eigenvalue Λ0 van-

ishes at step 25, long before the divergence of the computation at step 41. Since Λ0 vanishes, a

loading direction in term of global displacement increment dU may exist for which global failure

can be expected. But this loading direction does not necessarily match the loading direction im-

posed at the boundaries of the problem. Furthermore, Fig.6 shows that Λ0 vanishes even before



Table 1. Main parameters of the soil body

E ν ρ C φ ψ

95 MPa 0.21 2740 kg/m3 30 kPa 15◦ 0◦
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Fig. 5. The smallest eigenvalues of Ks versus computation steps. On the right hand-side is a zoom around the first vanishing

eigenvalue.

the first vanishing value of d2Wn at one of the integration points. Hence, knowing the change in

eigenvalues of Ks can be valuable when the structure is potentially unstable, while the changes in

d2Wn at each integration point gives the evolution in weakness zones along the loading program

considered until the global collapse.

As for the eigenvector of Ks, we denote by V0 the one linked to the first vanishing eigenvalue

Λ0, and by dU f the incremental global displacement observed at the last converged step. Fig.7

presents the qualitative deviation between V0 and dU f . As a reminder, for homogeneous cases

(the discusion is based on the analysis of the constitutive tensor), the eigenvector associated with

the first vanishing eigenvalue of Ms or Ns gives the current flow rule, which characterizes the

potential failure mechanism. Furthermore, in the case of the present elastoplastic model, it was

observed that this direction plotted in the strain space is relatively close to the ultimate flow rule

(Prunier, Laouafa, Lignon, & Darve 2009). The figure Fig.7 shows that this result is also qual-

itatively verified in this simulation. Quantitatively, we define the following function to measure

the deviation between the directions of any two vectors (V1 and V2) of �n :

er
(
V1,V2

)
=

1 −
∣∣∣∣∣∣∣

tV1.V2∥∥∥V1

∥∥∥ . ∥∥∥V2

∥∥∥
∣∣∣∣∣∣∣
 .100 (13)

With this expression, when er
(
V1,V2

)
= 100%, both vectors are orthogonal, while when

er
(
V1,V2

)
= 0%, both vectors are collinear. We denote by Vmin the eigenvector associated with the

lowest eigenvalue when all eigenvalues are positive, and to the highest negative eigenvalue when

at least one of them is negative. How er
(
Vmin,dU f

)
evolves throughout the loading program is

shown in Fig.8. It can be observed that the minimum of this function is obtained when det
(
Ks

)



Fig. 6. Isovalues of d2Wn =
d2W

‖dσ‖ ‖dε‖ at three characteristic computation steps: first vanishing of Λ0, first vanishing of d2Wn, and

divergence of the computation.

V0 at step 25

dUf at step 41 

Fig. 7. V0 (eigenvector associated to Λ0, first vanishing eigenvalue) compared with dU f (ultimate incremental displacement field).

On the right-hand side is a zoom on the zone affected by the loading conditions.
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vanishes.

In conclusion, the analysis of eigenvalues and eigenvectors of the symmetrical part of a global

tangent stiffness matrix (Ks) seems relevant and provides interesting information on the stability

of a structure and the related nonhomogeneous failure mode.

4 CONCLUDING REMARKS

In this paper, an analysis of the second-order work criterion has been proposed at different levels,

the material point levels and boundary value problem scales. As the vanishing of second-order

work is related to a sudden regime transition from a static to a dynamic mode, the second-order

work corresponds to a bifurcation criterion, as stated in section 2.

In the first part, the second-order work was studied in its local form. It was shown that its

sign is strongly related to the changes in the eigenvalues of the symmetric part of the constitutive

tensor Ms or Ns. When det
(
Ms

)
≤ 0, it was proved that loading directions for which d2W = 0

exist and constitute a cone. Furthermore, when the second-order work vanishes on a given load-

ing path, a peak in a plane of conjugated variables (in the second-order work sense) is reached,

and a bifurcation criterion as well as a generalized flow rule can be defined according to these

conjugated variables. For a given constitutive model, loading directions that lead to d2W = 0 can

be determined. The analytical equation of these elliptical instability cones was given for every

incrementally piecewise linear model. Illustrations of these instability cones, as well as of the

bifurcation domain in the 3D stress space, where presented for Darve’s two constitutive models.

finally, it was shown that det
(
Ms

)
= 0 ⇔ det

(
Ns

)
= 0, which means that the boundary of the

bifurcation domain (given by the occurrence of the first unstable direction) does not depend on

the formalism chosen for the constitutive relation.

In the second part, the approach performed at the material point level was extended by ana-

lyzing the global tangent stiffness matrix stemming from a finite element simulation. The study

of a soil body subjected to a flexible foundation was carried out. As shown in the past (Darve &



Laouafa 2000; Laouafa & Darve 2002), the local quantity d2Wn accurately describes the weak-

ness zone in the soil during the loading program. Finally, it was also observed that, qualitatively,

realistic failure modes can be detected largely before the collapse for a monotonous loading pro-

gram, by using the eigenvector V0.

As a final remark, if the question of failure in geomaterials is now well treated at the material

point level, with well-established results, this is not totally the case when investigating nonhomo-

geneous boundary value problems. Nevertheless, the study of the properties of the eigenvalues

and eigenvectors of (Ks) seems to be promising to analyze bifurcation even in nonhomogeneous

problems and particularly to characterize failure modes.
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